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Abstract
This study proposes to extend and refine the methodology of Gaussian beam summation (GBS) for
computing the radar cross section (RCS) of dielectric targets in both monostatic and bistatic cases.
Furthermore, the generalization to the bi‐static case is shown to be equivalent to phase steering.
Indeed, we leverage a semi‐analytical GBS technique, inspired by optical physics. We compute
the RCS by discretizing the target, such as with rectangles or triangles, and then summing the
contributions of these discrete elements, for which the expansion coefficients (or weight function)
have already been computed. This allows, first, to relax the far‐field criteria to the scale of the
discretized elements and, second, to facilitate the computation of the RCS of more complicated
targets. Furthermore, dielectrics are accounted for using the Fresnel coefficient. Numerical tests
and applications in the S and X bands are also provided to validate the method by comparing it to
analytic RCS formula, and highlight its advantages. We also propose to study the case where the
dielectric parameters of the target are not perfectly known.
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1 INTRODUCTION

Computing the radar cross section (RCS) of targets is of major im‐
portance for numerous applications in detection, e.g., target1,2 or oil
leakage 3,4,5 detection, and imaging, e.g,. synthetic aperture radar (SAR)6

or inverse scattering 7. Indeed, assuming we are in free space and the
target position is known, it is the last unknown of the radar equation

Pr = PtGtGr
(

λ

4πRtRr

)2

σ, (1)

where the under‐script r and t stand for receiver and transmitter, P
for the power, G the gain, R the distance with the target, λ the wave‐
length and σ to the RCS. In particular, it is the quantity we need to
minimize to avoid detection, for example, of wind turbines so that they
do not perturb the radar signal 8,9,10, or of planes and drones in warfare
scenarios 11,12. Therefore, lots of new shapes and materials have been
proposed in this sense in recent years10,13,12,14, enforcing the need for
fast and reliable methods to compute the RCS15. Furthermore, rapid

Abbreviations: ANA, anti‐nuclear antibodies; APC, antigen‐presenting cells; IRF,
interferon regulatory factor.

RCS predictions can help detection algorithm or the optimization of
radar systems. Thus, fast and reliable methods to compute the RCS of a
given target are still an ongoing topic in the electromagnetic community.
To this end, one can think of rigorous methods such as the

method of moments (MoM)16,17,18, the finite difference time domain
(FDTD)19,20,21,22,23 or the finite elements (FEM)24,25,26. Still, they are lim‐
ited when the size of the object becomes electrically large due to their
mesh requirement, i.e., of order λ/10. Thus, some hybrid methods have
been proposed, such as FEM and MoM27,28 to overcome some of the
issues, but the computation time remains large for this context.
This is why asymptotic methods are commonly used to compute the

RCS of large objects, for example, geometrical optic29,30,31,32 or phys‐
ical optic (PO)30,33,32 methods. Both assume that the field is a sum
of plane waves and are valid in the high‐frequency regime. In particu‐
lar, the PO is widely utilized34,35,2,36,37 in our context. Indeed, as the
high‐frequency counterpart of the MoM, it is based on meshing only
the surface of the target, leading to fewer unknowns. The main idea
of the PO is to compute the field at the observation point using the
far field approximation of the Stratton‐Chu formula, assuming the inci‐
dent field is a plane wave and the currents are constant over each facet.
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Nonetheless, at first order PO does not consider diffraction by edges,
but this can be overcome using higher order approximations such as the
physical theory of diffraction38,39,40 or the modified equivalent current
theory 41,42,43. Finally, even if they are particularly efficient and can ac‐
commodate complicated structures the main drawback of this method
is the singular points 44 associatedwith the Green kernel, which can lead
to caustics in geometrical optics, of problems near shadow boundaries
for the PO. Nonetheless, some of this limitations can also be overcome
by improving the quadrature used in PO for example.
To overcome this problem, Gaussian beams (GB) have been sug‐

gested in the 80s 45,46,47. Indeed, as a solution of the parabolic wave
equation, they can be used in place of plane waves and do not ex‐
hibit any singular points48. Later on, numerous methods have been
developed in the electromagnetic community to use this approach
either to compute the RCS49,50,51,52, the propagation of the field in
quasi‐optic regime 53, to study large aperture array antennas54 or lens
antennas 55,56. In the particular context of RCS, two methods are com‐
monly used, either the Gaussian beam launching (GBL) or the Gaussian
beam summation (GBS)49,57,50. The first can be seen as the GB coun‐
terpart of the ray launching, the incident field is decomposed as a sum
of GB, while the second is the one of the PO. Indeed, we consider an
incident plane wave on the target that induces a current considered
constant over each facets that excite a GB toward the observation.
This strategy has recently been generalized to the case of a dielectric
cuboid 52, where the PO calculated RCS is matched using a steepest de‐
scent. It shall be noted that avoiding the singular points come at the cost
of some computational resources and the need to match the gaussian
beam expansion.
Nonetheless, when considering a complex target, it is not always

possible to directly match the PO computed RCS. Thus, in this article,
we propose first to develop a semi‐analytic GBS approach that uses ei‐
ther a triangle or a quadrangular mesh of the target. Furthermore, using
Fresnel coefficients, we consider either dielectric or dielectric‐coated
targets. Finally, the semi‐analytic approach allows us to consider the bi‐
static case as a direct extension using phase steering, which constitutes
an important improvement since, to the author’s knowledge, only the
mono‐static case has been studied before. Nonetheless, since this is a
first step toward a GBS for dielectric‐coated target in particular in the
bistatic case, this method has still some limits. For example, even if the
UTD or GTD can be integrated, as wewill see with an example in the nu‐
merical tests, the proposedmethod is still limited to simple structures. If
the diffraction is not considered, the method can be easily generalized
to more complicated objects since all the proposed approach is based
on the underlying mesh contrary to52.
The remainder of this article is organized as follows. Section 2 in‐

troduced the problem setting and the proposed semi‐analytic Gaussian
beam summation method. In Section 3, numerical tests are performed
in the S and X bands to validate the method against an analytic solution
in a PO setting and highlight the advantages of the proposed approach.

Furthermore, a PCE‐based approach is proposed to account for uncer‐
tainty over the dielectric parameters of the considered material. Finally,
Section 4 concludes the paper and gives a perspective for future works.

2 METHOD

2.1 Problem setting and notations

Throughout this article, we assume an exp(–jωt) time variation of the
field, with ω = 2πf0 the angular frequency and f0 the associated fre‐
quency such that we are in the high frequency regime. Also, the vectors
are denoted in bold font, such as U, and lower case bold font when nor‐
malized, such as u = U/∥U∥2. The usual notation E and H are used for
the electric or magnetic fields, respectively. Furthermore, we assume to
compute the field in the far‐field of the target such that r ≥ 2D2/λwith
D the largest dimension of the target and λ the wavelength.
We are interested in computing the RCS, denoted byσ, of a dielectric,

or dielectric‐coated target, at the boundary of a given domain Ω, which
consists of free space. We thus need to compute

σ = lim
r→∞

4πr2
∥Es∥22
∥Ei∥22

, (2)

where the upper scripts s and i are for the scattered and incident fields.
Since Ei is assumed to be a plane wave of incident angle θi known, our
goal is to compute Es. The normalized RCS in dBm2 is calculated as
σ/(Sλ2), with S the object surface. A schematic representation of the
situation is given in Figure 1. Note that in the case of dielectric coating,
the inside medium corresponds to a perfect electric conductor (PEC),
and that all can be generalized tomore than 2media. Finally, in this work
we assume εj ∈ C, with

εj = ε0εr,j – j
σj

ω
, (3)

where εr,j is the relative permittivity of the medium j and σj its conduc‐
tivity.
Finally, we assume the target boundary to be Lipschitz continuous

but to not restrict our self to star domain for the theoretical develop‐
ment. We also assume the coating to have uniform dielectric properties,
but it can be constituted of different layers.

2.2 Gaussian beams as asymptotic solu‐
tions

In this section, we do a brief reminder on the Gaussian beams that are
solutions of the parabolic wave equation, and thus asymptotic solutions
of the Helmholtz equation.
Let us consider the Γ0‐ray centered coordinates system (s, q1, q2),

pictured in Figure 2. This corresponds to the system of coordinates used
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F I GUR E 1 A schematic representation of the problem. The goal is
to compute the RCS of the target in Ω.

in ray tracing or to solve the equation using the method of characteris‐
tics. Here, s corresponds to the length along the ray Γ0 and (q1, q2) to
the normal distance to this ray.

ray Γ0

ray Γ

O (s0 = 0)

S(s, 0, 0)

M(s, q1, q2)

r

r

q21 + q22

ϕ – ϕ0

F I GUR E 2 New ray centered coordinates system (s, q1, q2) around
the ray Γ0.

In this coordinates system omitting the exp(jωt) time variation, and
setting

u(s, q1, q2) =
√
c0 exp

(
jω

∫ s

0

ds
c0

)
W(s, q1, q2), (4)

with c0 the wave velocity in free space. The latter corresponds to the
reduced field‡ and is different to 45 since Ω corresponds to free‐space
here. Furthermore, the assumption that n is slowly varying in the com‐
putational domain is directly fulfilled here. Indeed, for the RCS, we are
only interested in the field Es computed far from the target in Ω, and

‡ Indeed, a factorization by the variation in the propagation direction has been
done.

not inside it. Also, in (4), the functionW is solution of

2j
c0
∂W
∂s

+
∂2W
∂q21

+
∂2W
∂q22

= 0, (5)

corresponding to the parabolic wave equation (PWE) in free space. It
shall be noted that the PWE is a paraxial approximation of theHelmholtz
equation, thus the Gaussian beam are only solutions in a paraxial cone
of ϕmax around the propagation direction.
In 45,46, they have shown that we can look for the solution of (5) as a

Gaussian beam, with

W(s, q1, q2) =
√ c0
det(Q(s))

exp
(
jω
s
c0

+ j
ω

2
qTP(s)Q(s)–1q

)
, (6)

where P and Q are solutions of the following ordinary differential
equations (ODE)

dP(s)
ds = 0, P(0) = 1

c0
I,

dQ(s)
ds = c0P(s), Q(0) =

–jωω2
0

2c0
I,

where ω0 corresponds to the half beam width, for which an optimal
value can be computed for a given distance s 45,46

ω0 =

√
2c0
ω
s. (7)

The initial conditions correspond to the Hill’s one58, and ensure that
the Gaussian beam exists with Q ̸= 0 and Im(PQ–1) > 0 even if s = 0.
Thus, it shall be noted that there are no singularities for the Gaussian
beam, contrary to when using ray‐based methods, i.e., singularities of
theGreen kernel. Then, by solving this systemofODEs, we can compute
the solutionW, i.e., a Gaussian beam from a source point to a receiver
placed atM = (s, q1, q2).

2.3 The semi‐analytic Gaussian beam
summation method

First, let us assume that the target is a PEC for readability and assume
locally plane interfaces, thus placing ourselves within the PO frame‐
work. The case of dielectric targets will be treated as a direct extension
afterward. In this case, the electric and magnetic currents are given by

J = 2n× Hi,
M = 0,

(8)

where Hi is the incident magnetic plane wave related to Ei by

Hi =
1

Z
ki × Ei, (9)

with Z the media impedance. For example, assuming a vertical polariza‐
tion (V‐polar), we have Ei = E0 exp(jkki · r)eθ in the usual (r, eθ , eϕ)
spherical coordinate system. Then, from this current, we can derive the
scattering field as

Es = jkks ×
∫
S

(
ks × J(R′)

) exp(jk∥ks – R′∥2)
4π∥ks – R′∥2

dS′, (10)
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where S corresponds to the surface of the target and ks to the scattering
wave vector. In the same way as for semi‐analytic or numeric PO, we
approximate the surface integral with a quadrature as

Es = jkks ×
∑
τ∈Sh

(
ks × J(R′

τ )
) exp(jk∥ks – R′

τ∥2)
4π∥ks – R′

τ∥2
|τ |, (11)

where Sh is a partition of the surface S of the considered object, and
|τ | the measure of one cell τ ∈ Sh. One one the main problems in this
expression is the approximation of the Green kernel. Indeed, the latter
exhibits some singularities 44.

ki

EH

ks
n

M

F I GUR E 3 Schematic representation of the semi‐analytic Gaussian
beam summation method with a triangular mesh.

The idea of the semi‐analytical GBS method is thus to replace the
Green kernel in expression (11) by a Gaussian beam fan, see Figure 3 for
a schematic representation. Indeed, the incoming wave is still assumed
to be a plane wave, while the outgoing one is now a Gaussian beam.
Therefore, the scattered field at the receiving point M can be expressed
as

u(M) =

∫
γ
F(ϕ)uϕ(s, q1, q2)dγ, (12)

where ϕ is the take‐off angle of a given Gaussian beam, and γ to
the integration surface, i.e., the area of effective take‐off angles, and
dγ = sin(ϕ)dϕdθ where θ ∈ [0, 2π[. Since the Gaussian beams are solu‐
tions of the PWE (5), we have ϕmax ≤ 45◦, corresponding to the valid
paraxial cone. The idea is to sum all the Gaussian beams that effectively
contribute to the field at the receiver pointM with a given weight F. In‐
deed, the latter corresponds to the coefficients in the Gaussian beam
frame 55,56, i.e., the corresponding decomposition of the associated field
radiating from the equivalent aperture linked to the current. Numerous
techniques exist to calculate the weight function F, either by solving
a linear system of equation56, expressing the function as a projection
on the GB frame55 or using the stationary phase theorem and a steep‐
est descent method45,47,56,49,52. Here, we choose the latter but contrary
to 57,49,52 we do not calculate it to match the desired RCS but to match
the asymptotic ray solution following45,48. Here, as in 48, we match the
GBS field to our Green kernel of the form

u∞(M) =
exp(jkR)
4πR

. (13)

Thus, using a saddle point method45, we can match the GB to the
asymptotic solution (13) to obtain

F(ϕ) =
kωω2

0

2c0
, (14)

which does not depend on ϕ but only on the central take‐off angle of
the GB ϕ0 46. The main idea here is that after applying the conformal
mesh, we calculate the associated propagation from each point source
(current), which now corresponds up to a constant to our matched GB.
Finally since F only depend on ϕ0 equation (12) is finally approximated
by

u(M) = 2πF(ϕ0)
N∑
k=1

uϕk (sk, q1,k, q2,k)ϕk sin(ϕk). (15)

By using this equivalence, we have a complete numerical, or semi‐
analytic, expression that does not depend on the underlying mesh and
where we do not need to recompute F for each target, making it advan‐
tageous compared to49,52. In addition this allows to relax the far‐field
criteria that was necessary for the GBS49,52 to the size of the mesh cell
such that r ≥ 2D2

cell/λ.
Inserting (15) in (11) finally leads to the following complete formula

Es = 2πjkks×
∑
τ∈Sh

(
ks × J(R′

τ )
)
F(ϕ0)|τ |

N∑
p=1

uϕp (sp, q1,p, q2,p)ϕp sin(ϕp).

(16)
It shall be noted that since u always exists, contrary to the Green kernel,
we have here an expression that is free of singularities. Furthermore,
the Gaussian kernel links the current on the target to the observation
point, thus this expression directlyworks in themono and bi‐static cases
without any modifications. Indeed, accounting for the source incident
angle is performed by expressing the induced current J(R′) in terms
of the incident field Ei(R′), it acquires a spatially varying phase factor
ejkki·R′ , depending on the position of the cell center over the target
surface S. This is equivalent to a phase steering operation across the
scatterer, analogous to the phase shifts applied in array beamforming.
Furthermore, the distance sp shall also be computed from the center
of the considered cell τ ∈ Sh to the observation point M. The pseudo‐
code 1 sums up the proposed method. First, for a given distance we
compute the optimal beam waist and the weight function. Then, we
loop over each facets, either quadrangles or triangles, and compute the
current from the incident field. After that we compute the contribu‐
tion of the gaussian beams at M (observation point) with a quadrature,
loop over the beams, and finally we normalize the field. This code nat‐
urally handle monostatic and bistatic configuration, since the gaussian
beam are launched toward the observation direction with a take‐off
angle ϕp ≤ ϕmax = π/4, and the current is calculated from the inci‐
dent direction contrary to other previous works on the GBS for RCS
computations57,49,52

Accounting for a dielectric or dielectric‐coated target is performed
through the Fresnel coefficient, as for the PO59,60,61,62,63 with

J = (1 + RH(θi))n× Hi,
M = –(1 + RE(θi))n× Ei,

(17)
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Algorithm 1 Semi‐analytic Gaussian beam summation.
Require: ki, ks ▷ Desired incident and scattering

directions
Require: Hi ▷ Incident magnetic field to compute the

current
Require: M = (s, θs,ϕs), ω, k, Sh, ϕp = [0,π/4], NGB
ω0 =

√
2c0
ω
s

F(ϕ0) =
kωω2

0

2c0
,

for τ ∈ Sh do ▷ Loop over the mesh
(x′, y′)← centroid of τ

J(x′, y′) = 2n× Hi(x′, y′) ▷ Compute the current at the
patch centroid

for p ≤ NGB do ▷ Loop to compute the Gaussian beams
contribution at M

sp ← distance from the centroid of τ to M
ϕp = Φp[p]
uGB+ = uϕp (sp, q1,p, q2,p)ϕp sin(ϕp)

end for
u[i]+ = (ks × J(x′, y′)) F(ϕ0)|τ |uGB

end for
u = 2πjkks × u ▷ Final normalization of the field

where Ri is the reflection coefficient that depends on the incident an‐
gle and the polarization. Indeed, using the discretization provided from
the semi‐analytic method we derived, we can assume a tangent plane
approximationwhere the Fresnel coefficients can be applied at each sur‐
face element. Thus, we can consider the material to be uniform locally.
Meshing the surface of the object also allows us to consider different
materials over the target, contrary to52 where only uniform and thick
dielectric materials could be considered. Furthermore, the currents can
be directly introduced in (16) to account for a dielectric target with

R⊥ =
kin,z – ktr,z
kin,z + ktr,z

,

R∥ =
n1kin,z – n2ktr,z
n1kin,z + n2ktr,z

,
(18)

where ⊥ and ∥ correspond to the considered polarization, ni to the re‐
fractive index in the medium i, kinz = –k1 cos(θi), the projection on the
normal vector of the incident wave vector, and ktr,z =

√
k22 – k21 sin

2(θi),
with ki = k0ni, with ni the index of refraction in themedia i. In the case of
a dielectric coating, the reflection coefficient is computed64 as follows,
assuming infinite reflections

R =
R1,2 + R2,3 exp(–2jβ)
1 + R1,2R2,3 exp(–2jβ)

, (19)

where Ri,j is the reflection coefficient, computed with (18), for the
medium i and j, and

β = 2πn2d
√

1 – (n1/n2)2 sin2(θi)/λ, (20)

where d is the thickness of the coating. The latter can be generalized
to consider more media for the coating. Furthermore, when a PEC is
coated with a dielectric, we have R2,3 = ±1. We can also truncate the
series that leads to (19) to account for only a certain number of reflec‐
tions. Indeed, depending on the coating thickness, accounting for an
infinite number of reflections could be unnecessary. Furthermore, we
could follow the works of65,66,67 to account for other coating such as
metamaterials or anisotropic medium but the main idea of the paper
is to generalized the GBS 52 to account for dielectric coating and for
the bistatic case first before handling more complicated structures and
materials.
We can also, as for geometrical optics or PO, accounts for diffrac‐

tion effect through the GTD68,69 or UTD 70,71. Using the semi‐analytical
approach the latter is quite easy. Indeed, we consider a mask of the
edges triangular or quadrangular patch and apply the GTD or UTD to
these cells. Then, we add this contributions to the overall scattering field
leading to a method denoted by GBS+GTD that improve the accuracy
near the edges. For more complicated structures, we shall first apply a
ray launching in order to obtain the visible patches, then find the ones
where diffraction occurs to obtain the associated mask and then calcu‐
late the contribution from each facets using the GBS and the UTDwhen
diffraction occurs.

2.4 Time complexity comparison to other
methods

Now let us compare the time complexity of the proposed semi‐analytic
GBS method to other conventional methods, such as PO and the
Method of Moments (MoM).
First, we derive the complexity of the GBSmethod. For each observa‐

tion direction θs, we need to compute the contributions of all Gaussian
beams (NGB) over all facets (Ntri), leading to a time complexity of

CGB = O(NobsNGBNtri), (21)

whereNobs is the number of observation angles. For the POmethod, the
complexity is linked to the quadrature order Nquad used to evaluate the
surface integrals:

CPO = O(NobsNquadNtri). (22)

In general, the GBS method is computationally more expensive since
NGB ≥ Nquad. Nonetheless, this additional cost comes with several
advantages: GBS naturally regularizes singularities, particularly near
shadow boundaries or edges, and allows modeling of finite‐width or
localized sources beyond plane waves46.
Finally, both high‐frequencymethods have a drastically reduced com‐

plexity compared to MoM, which requires inverting a dense system
of size Ntri, leading to a leading‐order cost of O(N3

tri). Therefore, the
semi‐analytic GBS method can be seen as an intermediate approach be‐
tween the fast but approximate PO method and the fully accurate but
computationally intensive MoM.
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3 RESULTS

This section is devoted to numerical tests to both validate the method
and highlight its advantages. All the numerical experiments have been
performed on a standard desktop computer. Furthermore, here the par‐
ticular case of ϕ = 0◦ has been considered, but all can be generalized.

3.1 Free‐space test

We begin by validating our Gaussian beam in the simplest case, a free‐
space propagation from a point source. Indeed, this allows us to verify
that the weight function F is valid and to compare the result withNGB in‐
creasing in terms of both accuracy and computation time. Furthermore,
it highlights the fact that Gaussian beams are singularity‐free.
The parameters of the scenario are as follows. The frequency is set

to 1 GHz. We consider Gaussian beams with ω0 = 5λ and NGB ∈
[10, 50, 100, 200, 400, 800] for the number of gaussian beams. In Figure 4,
we plot the field computed either with the analytic expression, i.e., the
Green kernel, or with the Gaussian beam summation for different posi‐
tions of M, i.e., radius r ∈ [–100, 100] m. We also plot the computation
time needed for the different number of gaussian beams in Figure 5.

F I GUR E 4 Ray asymptotic solution and GBS method comparison in
free‐space for different receiving position r.

The first conclusion is that the GB expansion closely matches the
asymptotic solution for r increasing, as expected from the calculation of
Fwith NGB ≥ 50. Secondly, we can see that with the GBS, no singularity
occurs near r = 0, whereas the ray asymptotic solution, based on the
Green kernel, cannot be computed for this point. Finally, as expected
the computation time is increasing linearly with the number of gaussian
beams in the expansion. Thus, the GBS expansion is validated in this
case. For a more thorough study on the convergence with the number
of Gaussian beams we refer the interested readers to45,72,52, and from
now on we use NGB = 200 since it gives good accuracy while keeping
the computation time low.

F I GUR E 5 Computation time of the GBS method with the number
of gaussian beams.

3.2 RCS of a flat plate in the monostatic
case

Here, we study the case of a flat plate, either a PEC, a dielectric, or
one with a dielectric coating. We aim to validate the semi‐analytic GBS
method in this case. To do so, we compare our results to the analytic
result in a PO setting, which is widely used in this case. Furthermore, in
this case, we use the optimal value for ω0

46,47,52.
Firstly, we validate our proposed approach on a PEC by performing

a convergence analysis over the mesh size, i.e., the number of facets. To
do so we consider a frequency of 10 GHz and a flat plate of size a = 5λ

and b = 3λ. We compare our results to a direct PO RCS calculation,
i.e., without discretization, i.e. the analytic formula in a PO setting. In
particular, for the proposed GBS we consider a uniform quadrangular
mesh, with N = Nx = Ny, and increase the number of elements over
each axis from N = 10, i.e. hx = λ/2, to N = 50, i.e. hx = λ/10, while
keeping all the gaussian beam parameters the same. The results are also
compared in terms of both accuracy and computation time to the usual
PO with a midpoint quadrature, as for the GB expansion.
In Figure 6, we plot the normalized RCS, by the area of the target,

for the analytic PO in plain line and for the proposed semi‐analytic GBS
method in dotted lines for different numbers of facets, while the numer‐
ical PO is plotted in dotted line. We also plot in Figure 7 the evolution
of the l2‐error with the mesh grid for both the GBS and the numerical
PO methods by comparison with the analytic PO. Finally, in Figure 8
we plot the computation needed for each method for the number of
discretization points over each axis.
The first conclusion is that the method works well. Indeed, Figure 7

shows that the l2 error is low and decreases with the number of facets,
as expected. It is emphasized with Figure 6 where we can see that with
N increasing, the computed RCS with the GBS method tends toward
the true RCS calculated with the analytic PO. The higher difference for
N = 10 is normal since over the x‐axis we have amesh size of λ/2.While
for N = 50, the two curves are almost perfectly matching. Furthermore,
the maximum is at –22 dB as expected from a direct calculation using
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F I GUR E 6 Normalized RCS for a PEC flat plate computed with the
analytic PO, numerical PO or with the proposed GBS method for differ‐
ent mesh sizes in a monostatic configuration.

F I GUR E 7 Evolution of the l2‐error of the proposed approach and
the numerical PO, with analytic PO as reference, with the number of
cells N along both directions.

the canonical formula for a PEC rectangular plate. This result is also in
line with the ones obtained through experiments in49,50,52. In addition,
we can see that the error is decreasing faster with the GBS method
compared to the computational PO. Nonetheless, this comes at the cost
of computation time as can be seen in Figure 8. Nonetheless, from the
previous test, the GBS computation time could be reduced by half by
considering half the number of GBwhile keeping a good accuracy. From
now on we only keep the analytic PO as reference, that will thus be
called PO so that the figure are clear. Indeed, the conclusion in terms of
computation time and accuracy remain the same for the following tests.
Secondly, we validate themethod for dielectric material at f = 1GHz.

In this case, we study different dielectric materials with the following
parameters: a dry ground εr = 20 and σ = 0.02 S/m; the sea with
εr = 80 and σ = 5 , and FR4, which is a widely used material with
ε = 4.4 and tan δ = 0.03. For the first two, we consider an infinite
substrate so that we use the Fresnel coefficient, for the FR4we consider
both an infinite substrate but also FR4 as a coating. A flat plate of size

F I GUR E 8 Evolution of the computation time of the proposed ap‐
proach and the numerical PO, with the number of cells N along both
directions.

a = 8λ and b = 5λ is considered in all cases, and the discretization is
performed with Nx = Ny = 70. For the coating, we set the thickness
to h = 0.1λ. We plot in Figure 9 the results for the different cases, for
each material, the plain line corresponds to the PO while a dotted line
corresponds to the proposed GBS approach. We also show the result
for a PEC for comparison.

F I GUR E 9 Normalized RCS for a flat plate with different materials
considered computed with the PO or with the proposed GBS method
in a monostatic configuration.

We can see that the proposed method works well in this case. In‐
deed, the results obtained with the semi‐analytic GBS closely match the
PO calculations even for dielectric or dielectric‐coated materials. In ad‐
dition, for all the considered cases, the results are in line with physical
expectations, as the dielectric coating allows for a reduction in the RCS.
However, with h ≪ λ, we are still close to a PEC. Additionally, we can
note that the difference increases with the incident angle, as expected.
For all the other materials, the differences in terms of normalized RCS
are directly explained by their respective difference in permittivity.
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In conclusion, the proposed semi‐analytic GBS formulation has been
validated in the mono‐static case.

3.3 RCS of a flat plate in the bistatic case

In this case, we perform the same analysis as before, except that we
consider a triangular mesh, using the Delaunay triangulation, of the
plate.
First, we consider a PEC plate of size a = 5λ and b = 3λ at f = 1GHz.

The illuminating plane wave comes from an angle of θi = 30◦. The trian‐
gulation is performed for an increasing number of facets to assess the
convergence of the method. As before, in Figure 10 we plot the RCS
computed with the PO or with the proposed approach for different N,
while in Figure 11 we show the convergence of the method with N, i.e.,
the mesh size.

F I GUR E 10 Normalized RCS for a PEC flat plate computed with the
PO or with the proposed GBS method for different numbers of triangu‐
lar facets in a bistatic case.

F I GUR E 11 Evolution of the l2‐error of the proposed approach,
with PO as reference, with the number of facets Nf.

As for the monostatic case, we can see that the method works well
in the bistatic case. Indeed, the l2‐error converges with the number of
facets, while we can see that the RCS computed with the GBS tends
to match the RCS calculated with the PO as Nf increases. Finally, as
expected, the maximum of the RCS is at θs = –θi.
Now, as before, we consider the case of different materials: a dry

ground, the sea, an FR4 plate, and an FR4‐coated PEC. The idea is to
validate our approach in the case of considering dielectric objects. As
in the previous test, the first three are considered infinite while the last
is a finite substrate over a PEC. The frequency is set at f = 10 GHz. In
addition, the incident angle for the incoming wave is θi = –40◦. The
dielectric parameters remain the same as before. The size of the plate
is a = 10λ and b = 7λ while the thickness is set to h = 0.25λ in case
of the FR4 coating. The number of facets is set to Nf = 4802 to ensure
convergence. The results are plotted in Figure 12 with the same legend
as for Figure 9.

F I GUR E 12 Normalized RCS for a flat plate with different materials
considered computed with the PO or with the proposed GBS method
in a bistatic configuration.

Here, we can see that the method works well. Indeed, the results
obtained with the semi‐analytic GBS approach closely match the ones
directly calculated with PO.We obtain, as expected, a maximum of RCS
at θs = 40◦ = –θi. Furthermore, for all materials, the reduction in RCS
is in line with the monostatic cases. In this case, for the FR4 coating, the
reduction in RCS is increased, which is normal since we use a thickness
of λ/4, which is an extinction distance. Therefore, the method is also
validated in this case.

3.4 Accounting for diffraction through
the GTD

As a final numerical experiments, we show in a bistatic case that we can
account for diffraction on the edges of our plat through the GTD73,68.
In particular here we use the one derived by Keller73, and use the
method prescribed at the end of Section 2.3. Note that here this is a
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F I GUR E 13 Normalized RCS for a flat PEC plate calculated with the
PO (analytical), the GBS and the GBS+GTD methods.

simple test case to show that is achievable, and that the generalization
to complicated structures is possible.
For this, we consider a flat PEC plate of size a = 13λ and b = 9λ in

a bistatic configuration with an incident wave coming from θi = 0◦ and
a frequency of f = 10 GHz. In Figure 13, we compare the PO (as be‐
fore the analytic formula for the plate), with the GBS and the GBS+GTD
methods. For the mesh we consider 4802 triangles. The GTD is only
applied to the one that are one the boundary. We expect the GTD to
correct the scattered field near the edges so that we do not decrease
rapidly to 0. For the
As expected, using the GTD allows to consider the effect of diffrac‐

tion near the edge and to keep accurate results in the specular direction.
Furthermore, this results are in linewith experimentation that have been
performed in 72 since we retrieve a similar difference between the max‐
imum and the diffraction lobes. Nonetheless, this could be improved
using the UTD 70 or the Michaeli’s method of equivalent current74.

3.5 Accounting for uncertainty in the di‐
electric parameters of the target

To conclude the numerical experiments, we use the proposed GBS ap‐
proach to performuncertainty quantification over thematerial dielectric
parameters. A direct way to do that would be to use the Monte‐Carlo
method. Indeed, with the latter we compute Ns samples of the out‐
put from Ns samples of the inputs using any method as a black‐box,
i.e., a non‐intrusive method. In addition, the law of large number en‐
sure the convergence of the method. Nonetheless, it usually requires
a very large number of samples to converge, even if accelerated, using
quasi‐Monte‐Carlo methods75. Here, we propose to use the polynomial
chaos expansion (PCE) to expedite the results76,77. Indeed, Ghanem et
al. 76 proposed an intrusive stochastic finite element strategy that al‐
lows to handle uncertainty in the code but necessitate to introduce a
new code. On the other hand, Sudret77 proposed a way to use the PCE
with non‐intrusive methods, either using regression or projection, that

allow to keep the code intact. Thus here, we keep the proposed semi‐
analytic GBS method as a black‐box, as with Monte‐Carlo, and use a
non‐intrusive projection‐based PCE method77, that we adapt to our
problem.
Here, we assume that thematerial dielectric parameter and thickness

are not perfectly known, i.e., that ℜ(ε), the real part of ε, and ℑ(ε), its
imaginary part, are random values and that d is also a random variable.
From a physical point of view, we can assume that they all need to be
positive, since we do not consider plasma or metamaterials here, and
d is a thickness. Nonetheless, all is easily generalizable to other cases
or inputs. In this case, we can assume that the three are following log‐
Normal distribution, since they need to be positive, and thus we can
decompose them using probabilistic multivariate Hermite polynomials
as

ℜ(ε) =
∑
i

αrei ψi(ζ),

ℑ(ε) =
∑
i

αimi ψi(ζ)

d(ε) =
∑
i

αdi ψi(ζ),

(23)

where ψi are Hermite polynomials of a reduced centered normal law ζ ,
and αi the associated coefficients.It shall be noted that in the case of
other distribution the expansion is the same, and we only change the
basis using theWiener‐Askey scheme78. For example, we use Legendre
polynomial for uniform law and keep the Hermite ones for normally dis‐
tributed variables. In case of stochastic variables, i.e. that depend also
on the position, we first apply a Kosambi‐Karhunen‐Loève79 expansion
and then the PCE. For ε this can then be simplified to

ε =
∑
i

(αrei – jα
im
i )ψi(ζ), (24)

where the αi are known 77. The electromagnetic field is decomposed in
the same basis, leading to

Es =
∑
i

Esi (r)ψi(ζ), (25)

where the coefficients are unknown. Nonetheless, using the orthogo‐
nality of the PCE decomposition, we have

Esi (r) =
E(Esψi(ζ))
E(ψi(ζ)i)

, (26)

where E is the expectation. In this equation, only the numerator is
not known, but it can be easily computed numerically using a Gauss‐
Hermite quadrature of order d. Then, the usual moments can be com‐
puted from the coefficients, i.e., Es0 = E(Es), or the surrogate model (25)
can also be used to compute samples rapidly and thus any statistical in‐
formation such as confidence intervals or Sobol’s indices. Note that for
the RCSwe need to computeE(|Es|), since contrary to 77 wemanipulate
complex valued functions, so that we can have themean or the standard
deviation. To do this, we also use a Gauss quadrature.
For the test, we consider the FR4 material as uncertain. For the per‐

mittivity, its real and imaginary part now follow log‐Normal distribution,
since they are positive, with a mean determined from the deterministic
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parameters, i.e., they are ε = 4.4 and tan δ = 0.03, and their standard
deviation set to a variation coefficient c = µ/σ = 30% and 20% respec‐
tively. For the thickness we consider a mean of 0.02λ and a variation of
5%. The rest of the parameters remain the same as for the previous case.
In Figure 14 (a), we plot the RCS computed when no uncertainty is ac‐
counted for, the mean computed through the PCE decomposition, and
the one calculated using theMonte‐Carlo method with 200000 samples.
In (b), a zoom is performed around the maximum. In addition, the 90%
confidence interval is plotted as a blue area around the mean for the
PCE case.
First of all, in terms of computation time, the PCE proposed approach

is 30× more rapid than the Monte‐Carlo based one. Furthermore, as
can be seen in Figure 14, the RCS computed with both methods are
matching, which is also confirmed from the l2–error on the 1st and 2nd
statistical moments that are 3.2×10–6 and 5.7×10–7, respectively. In ad‐
dition, from the zoom, we can see that this approach is necessary since
the results when considering the FR4 dielectric parameters as determin‐
istic are not in line with the PCE or MC ones, even if the variation are
not so high. In addition, this method also allows to compute other impor‐
tant statistical information such as the 90% confidence interval plotted
as a blue area around the mean here. Indeed, this information is impor‐
tant when optimizing target RCS for example and to be able to know if
we respect the specification. Thus, this method paves the way to rapidly
perform uncertainty quantification for RCS prediction with the GBS.

4 DISCUSSION AND CONCLUSIONS

In this work, we have proposed a semi‐analytic Gaussian beam summa‐
tion (GBS) method to compute the radar cross section (RCS) of objects
in both monostatic and bistatic configurations. We have also demon‐
strated how to efficiently incorporate uncertainty in the dielectric pa‐
rameters of the target. In addition, we proposed a way to introduce
diffraction, with a numerical example, to be able to account for more
complicated structures in the future.
The approach relies on replacing plane waves, as in physical optics

(PO), with Gaussian beams to remove the singularity of the Green’s ker‐
nel. By representing the field as a superposition of Gaussian beams,
we obtain a singularity‐free formulation that can be solved numerically
using quadrature, with the complex weight function evaluated via a
saddle‐point method. Importantly, we showed that the method natu‐
rally extends to the bistatic case, which—to the best of our knowledge
has not previously been investigated in the context of GBS.
Numerical experiments in the S‐ and X‐bands have confirmed the

validity of the method across a range of configurations. Indeed, the re‐
sults showboth numerical convergence and a low error compared to PO,
even in the presence of dielectric materials or dielectric‐coated targets.
Furthermore, we introduced a non‐intrusive polynomial chaos expan‐
sion (PCE) approach to quantify uncertainty in the dielectric properties,
which yielded highly accurate results and a drastic reduction of time
compared to the Monte‐Carlo method.

Nonetheless, the method has some limits. Removing the singularity
comes at the cost of an increased time complexity, even if this could
be reduced in the future by optimizing the number of gaussian beams
used. In addition, we only treated simple structures since we wanted
to validate the method, but there is still some work to do to be able to
treat realistic target. Indeed, we will first need to accelerate the code
by parallelizing it, as for PO, and using octree or quadtree methods80

for example. Also, the GBS can in theory be used for any input sources,
we could improve the matching of the weighting functions for this
case, or also to directly accomodate for the diffraction by matching the
diffracted rays. Another limit of the current method is that only locally
homogeneous material can be accounted for, but this can be improved
by adapting the Fresnel reflection coefficient to the case studied.
This study, therefore, opens the way for applying GBS to bistatic

scenarios while accounting for dielectric materials. Nonetheless, sev‐
eral directions remain for futurework. Diffraction phenomena have only
been introduced using the GTD and we are currently developing their
treatment for relevant facets using more appropriate diffraction the‐
ory 74. In parallel, experimental validationwithmeasured data is ongoing.
We are also investigating uncertainty quantification for additional pa‐
rameters, such as target geometry, which is of interest in the case of
stealth targets. Finally, we are considering extensions to more realistic
scenarios by hybridizing the methodwith Gaussian beam solvers for the
parabolic wave equation 81. In conclusion the proposed method can be
seen as an in between the PO and the MoM for RCS computation.
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