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Abstract

This paper presents an extension of the discrete dual finite volume (DDFV) method to solve
the stationary advection-diffusion-reaction equation with mixed boundary conditions. As a par-
ticular case, we also consider the Helmholtz equation with absorbing boundary conditions. The
main point is to propose a self-consistent method where the advection term is also discretized in
the primal/dual mesh of DDFV. Here, we propose two different approximations of the advection
term using the primal/dual mesh. In addition, we also derive an exponential fitted DDFV scheme
to compare them in terms of accuracy and conditioning. A major advantage of DDFV is its ability
to naturally handle diffusion terms while preserving fundamental mathematical properties such as
Green’s identity. This makes the implementation of Robin boundary conditions straightforward.
However, treating the advection term requires additional considerations. We achieve this by ap-
proximating the normal gradient using the discrete DDFV gradient and adjusting the correspond-
ing matrix terms accordingly. To validate our approach, we establish the existence of solutions for
the discrete schemes and conduct numerical experiments on both the advection-diffusion-reaction
and Helmholtz equations. The results confirm that our method exhibits second-order supercon-
vergence in general, even when applied to highly distorted meshes, demonstrating its robustness
and accuracy.

1 Introduction
In this work, we study the steady advection-diffusion-reaction equation, given by
=V-(uVg)+ V- (Vo) +vyqg=f, inQ, (1)

where ¢ is the quantity of interest, p the diffusion tensor, V a vector field representing the particle

velocity, v the reaction coefficient, and f a source term. This equation is completed with mixed
boundary conditions applied on subsets I'y, I'p, and I'g of the domain boundary, corresponding to
Neumann, Dirichlet, and Robin conditions.

Our main objective is to develop a self-consistent discrete dual finite volume (DDFV) scheme [1, 2,
3, 4, 5] to solve (1) under mixed boundary conditions. Efficient numerical schemes for (1) are crucial
for various applications, particularly in electromagnetism. When V = 0, the equation reduces to the
Helmholtz equation, which models wave propagation (acoustic or electromagnetic) in the frequency
domain [6]. In addition, a reaction term g can also appear when an exponential fitting procedure is
applied to the advection-diffusion equation [7, 8, 9, 10]. Moreover, the unsteady counterpart of (1),
coupled with a Poisson equation, arises in modeling cold plasma [11], electrostatic discharges [12, 13],
and electroporation phenomena [14].

Traditional finite volume methods (FVM) [15, 16]—such as the two-point flux approximation—are
widely used due to their reduced stencil and local flux approximation at mesh interfaces. However,
they require an admissible mesh satisfying orthogonality constraints [17], limiting their applicability
to complex geometries. Finite difference methods also face challenges on irregular meshes, often
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necessitating advanced techniques like ghost points or immersed interfaces [18, 19, 20] for handling
interface conditions.

More recently, mimetic schemes have shown promising results [21, 22, 23]. Indeed, they allow us
to build a scheme that preserves physical or mathematical properties, such as the Green relation. This
work focuses on the DDFV scheme [24, 16], which is a mimetic finite volume method. In a few words,
DDFYV is based on a well-defined diamond mesh, allowing us to recover a discrete Green relation
while no orthogonal constraints on the mesh are required. Furthermore, as for usual finite volume
schemes, jump conditions are easily accounted for [2, 5]. Additionally, DDFV offers strong convergence
properties, achieving a second-order super-convergence rate even on highly distorted meshes, while
first-order accuracy has been shown [2; 3, 24] in general.

DDFV has been successfully applied to Poisson’s equation [1, 25, 26, 2, 27, 5] and steady convection-
diffusion problems [24]. It has also been used for the Navier-Stokes equation [28, 29, 30], the Stokes
equation [31, 32, 33, 34], and for transport-diffusion equations [35, 36, 37, 4, 38], where WENO schemes
were employed for transport fluxes. In this work, we extend the approach in [24] to the advection-
diffusion-reaction equation while incorporating mixed boundary conditions. Contrary to [37], no
WENO interpolation scheme is used and only the DDFV unknowns are utilized, leading to a self-
consistent scheme. Also, we differentiate from [24] by proposing a new approximation of the advection
term using the primal/dual coupling of the DDFV scheme. By leveraging the discrete Green property
of DDFV, we show that Neumann and Robin conditions are naturally handled. In addition, we also
present an exponential fitting procedure, as in [10], that allows for a change of variable to solve a
diffusion equation in place of the advection-diffusion equation, leading to a direct use of the efficient
DDFV scheme and to overcome the non-coercivity problem for certain values of V - n. As a special
case, we examine the Helmholtz equation (V = 0) and demonstrate how the proposed scheme effi-
ciently manages absorbing boundary conditions, making it well-suited for modeling electromagnetic
wave propagation in the frequency domain. To the authors’ knowledge, the DDFV scheme has not
yet been applied to the steady-state advection-diffusion-reaction with mixed boundary conditions, and
has not been generalized to the case of the Helmholtz equation where we seek ¢q € C.

The rest of the paper is organized as follows. Section 2 is devoted to describing the problem in
more detail and introducing the DDFV scheme to solve the advection-diffusion-reaction equation. In
Section 3, numerical experiments are performed to validate the method. In particular, we study the
advection-diffusion-reaction and the Helmholtz equations under mixed boundary conditions (Dirichlet,
Neumann, and Robin). Finally, Section 4 concludes the paper and gives perspective for future works.

2 Description of the computational scheme

2.1 Definition of the problem and notations

In this work, we will either work in R and C depending on the application. In particular, when studying
the Helmholtz equation for electromagnetic wave propagation, then v € C. Therefore, we will use the
notation K for either R or C. In the case of C, we denote by § the complex conjugate of ¢, and by
R(q) and S(q) its real and imaginary parts. Furthermore, we restrict our case to problems in R2, such
that  C R2. We denote its boundary by 09Q. The latter can be decomposed into I'n UT'y UTg for
the Dirichlet, Neumann, and Robin boundary conditions, respectively. Furthermore, the vectors are
denoted in bold as V, and their normalized counterparts in lowercase as v. Throughout the paper,
we also denote by 0, the normal gradient defined as 0,u = Vu - n with n the exterior normal to the
considered interface.
As said in the introduction, we are interested in solving the following general problem

V.- (uVg) +V-(Vg)+v¢ = f, inQ
qg = gDa OnFDa (2)

ﬂanq = ng OnFN,

pong+ Bqg = g% onTg,

where p € K the diffusion coeflicient, such that p. < p < p* with g, > 0 almost everywhere in €2,
V € (L*(Q)? and V-V € L*(Q), v € K the reaction coefficient, f € L?(f2), 3 a constant in K
and ¢g' € HY/2(99). In this case, under some mild assumptions [39, Chapter 3], problem (2) admits
q € H'(Q) as a weak solution. Note that in the case of the Helmholtz equation, i.e., V. =0, u = 1 and
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~v € C of the same sign as the diffusion coefficient, then the proof relies on () > 0, where & is the
imaginary part. When an exponential fitting [7, 8] is performed to handle the advection term, then
the reaction term v € R, and yu < 0, leading to direct coercivity of the operator.

2.2 The DDFV diamond mesh

As mentioned in the introduction, the DDFV scheme relies on a diamond mesh constructed from a
primal /dual mesh pairing. This section introduces this pair and the derived diamond mesh.

The primal mesh, denoted by Pj, consists here of a standard conformal quadrangular partition of
the domain Q. Each control volume K € Pj, has a center denoted by xx. The interface between two
adjacent primal cells K € Py and L € P}, is denoted by v. An example of a primal mesh is given in
Figure 1 (a), where the green points denote the center of each control volume and the filled ones the
center at the domain’s boundary.

We directly derive the dual mesh from this primal mesh, denoted by P;. Indeed, here each primal
vertex serves as the center of a dual control volume K* € Pj;. Conversely, the vertices of X* correspond
to the centers of adjacent primal control volumes K. The center of a dual control volume is denoted
by zx~. Furthermore, considering two adjacent dual cells * and £*, we denote by v* their interface.
This construction is illustrated in Figure 1 (b), where the squares correspond to the dual center and
the filled ones are dual centers at the boundary of the domain.

The complete partition of the domain £ is then denoted by 7y, such that 7;, = P, UP;;. The latter
is an overlapping partition of Q.In addition, we denote by 7}, its boundary interfaces, that can be
decomposed into dT,° UIT,N UAGTE to account for the different boundaries. The discrete counterpart
of the unknown ¢ in 73, is denoted by ¢7* such that ¢7» = (q;ceph7q)(:*ep;{) e K.

(79

N i l | | |
- v
T Tr
i

K L - V*\ v

N t t | O O |
¥

I, tH + O O |
————u— —L | | | |

(a) Primal mesh Py, (b) Dual mesh P

Figure 1: Example of the primal and dual meshes when a quadrangular grid is considered. The circle
corresponds to the primal unknowns, while the square indicates the dual ones. The filling indicates
boundary unknowns.

We can now define the diamond mesh denoted as Dj,. Let us consider two adjacent primal (or dual)
cells K and £ that share the common edge v = [zx-22+], where £* and L£* are the associated dual
cells. Then each diamond is defined as the quadrangle D = [zxzi+xs2,+] € Dp. One example is given
in Figure 2. Additionally, we denote by N, and N, the normals to the edges v and v*, respectively.
When needed, their normalized counterpart are denoted in lower case, e.g. n,, and n,~. This structure
establishes a direct link between P and P* and is at the core of the mimetic structure of DDFV.

Figure 2: An example of a diamond D of the set of diamonds Dy,.
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Finally, we define some useful spaces and scalar products in our discrete setting. First, let us define
L?(Dy,), the set of discrete vector fields over 7T;, and piecewise constant in Dj,. The latter is equipped,
as a subset of L?(Q), with the following scalar product [40]

Vd’y ¢ € LQ(D}L)a (11[}7 ¢>L2('Dh) = Z ¢U ! EO"DL (3)

ceS

with |D| the measure of the corresponding diamond, and S the set of interfaces, i.e., the boundaries
of either K for the primal or K* for the dual. Second, we define L?(97},) consisting of the functions
defined on 0f) that are piecewise constant for o € 97,. This set is equipped with the following inner
product

Vi, ¢ € L*(0Th), (,8)120m) = D, b0 - Dylol- (4)

oc€dTh

To conclude, the finite volume approximation of ¢ is defined as usual by

i

We also define as F(7},) the set of these functions over 7y, and by P(T}) the set of differentiable finite
volume functions. Thus, we can define the following bracket [40]

1

Vo € ]'-(71)71/) € Pl(ﬂl)v <¢a ¢>}'(7‘;L)><P1(77L) D)

5 > o)kl + Y dre (k)

KePy, K*eP;

K 6)

2.3 Definition of the discrete operators

Then, to discretize Equation (1), we must define the proper discrete counterpart of each operator, i.e.,
the advection and the diffusion ones here.

2.3.1 The discrete diffusion operator

Let us begin with the diffusion operator, which is the easiest of the two. Indeed, in this case, we can
directly follow the DDFV scheme that solves the Poisson equation [2, 3, 5] and utilize the discrete
gradient and divergence operators’ definitions.

Definition 2.1 (Discrete gradient Vj,). First, let us define the discrete gradient operator Vj :
PY(Ty) = L*(Dy,) as

1
thTh = Tz)l ((qﬁ - QIC)NV + (QL* - qIC*>Nl/*) ) (6)

with |D| the measure of the diamond D = [xxzg+xLTL].
Proof. The proof that (6) corresponds to the discrete gradient of ¢7» has been given in [40], for example.

It is quite direct using the fact that ¢7* is affine on each simplex of the diamond and using the gradient
theorem. O

Next, we can define the discrete divergence operator div’* : L2(Dy,) — F(T;) that links back the
diamond mesh to the 7; mesh.

Definition 2.2 (Discrete divergence operator divTh). The discrete divergence operator div’" is defined

as follows
1

VK € P, VEP € L2(Dy), divy (6P) = I6 Sveny §0 Ny,
1 (7)
VE* € P*, Vel € LA(Dy), divih (€P) = <] > ecm. €7 N,

where || corresponds to the measure of the control volume, and Dy (or Dg+ ) to the diamonds associated
to the K (or £*) cell. For example, in our quadrangular mesh, for each inner control volume we have
4 diamonds to account for.
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Proof. The proof for (7) has also been given in [1, 40|, for example, and relies on the application of
the Green formula for the diffusion operator on each control volume. O

To properly define the quantities on 02 and the discrete counterpart of the Green formula, we first
need to define a discrete trace operator.

Definition 2.3 (Discrete trace operator Try). Let us denote by 97, the set of boundary interfaces.
Then the discrete trace operator Try, : P1(T;,) — L%(97Ty,) is defined as

1 1
Tru(q) = 5o + 1 (Gor + qo) » (8)

where ¢, is the value at the center of the boundary simplex, and ¢,: and q,; are the values at its
vertices.

Proof. We derive the proof as in [40]. The trace operator is defined as

Tr(q) = ﬁ/Q(S)d&

Thus, using the fact that ¢ is affine on the simplex o, we directly obtain formula (8). O

Furthermore, DDFV is a mimetic finite volume scheme where the discrete gradient (6) and the
discrete divergence (7) are linked throughout a discrete Green formula [1, 40, 2].

Definition 2.4 (Discrete Green formula). On the discrete mesh 7, we have the following duality
formula between the discrete gradient and divergence
(a7 €P) )

D D
= — ,V 2 . ’T 5 ) 9
F(T)x PY(Th) (€7 Va) (g + (€7 -0, Tend) 2073, (9)

Proof. For the interested reader, the proof is given in [1, 40], for example. O

2.3.2 The discrete advection operator

Now, let us focus on the convection operator. A key challenge here is that we cannot directly use the
discrete divergence div’ or the discrete gradient Vj,, as they do not map quantities within 7,. To
address this, we adopt an upwind standard finite volume strategy for the convection operator, while
ensuring consistency with the DDFV scheme by working within the mesh 7.

Definition 2.5 (Discrete advection operator V-(V¢)7*). The discrete advection operator maps quan-
tities from P(7;,) to F(Tx) and is defined as

1

VT €Th, V- (Vo) = 7

> alzo)(V(zs) - No), (10)

ocedT
with x, the point at the middle of the simplex o € 97 .

Proof. To obtain the discrete form of the operator, we start by integrating the convection term over a
control volume T € 7}, and applying the divergence theorem, yielding

[ = 3 [a@vie) - (1)
where 07 denotes the boundary of the control volume 7, and n, represents its outward normal.

Finally, using the fact that ¢ is affine on each simplex of 7;, we obtain the desired result (10). O

Nonetheless, the quantity ¢(z,) is not defined in 7}, thus, we need to approximate it using the
DDFV unknowns. Since upwinding is required to account for the advection term [41] precisely, we use
the following approximations.
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Definition 2.6. Approximating ¢(z,) For a first-order method, we approximate the value of ¢ at the
interface using

4(%5;) = qlz7+), (12)

where g(x7+) corresponds to the value at the center of the control volume 7+ € T, where the
+ denote the side of o, which depends on the flux direction. However, to maintain second-order
accuracy, following the DDFV scheme, we employ the following second-order approximation:

a(zo,) = q(x7s) + Vrq(ars) - (272 — 25), (13)
where V7, is an appropriately defined gradient on 7;. We can also derive a second-order accurate
scheme using the following approximation

o) = glaled) +a(e), (14)

1 2

with o; = [z} , 27 ]. Note that the latter directly uses the coupling between the primal and dual

meshes. Furthermore, no conditions on the flux are needed.

It shall be noted a different strategy has been proposed in [42] to account for the advection using
DDFV unknowns. Even if the idea seems similar, they used the primal unknowns for the linear
interpolation, which only works if the dual interfaces are continuous which is usually not the case with
very distorted meshes.

In the following, we only use the 2nd order schemes and will denote by DDFV and iDDFV the
ones derived from (13) and (14), respectively.

Proof. The result is direct considering Taylor expansions, as seen in [24] and the fact that we are using
an upwind scheme. Indeed, in this case, if the flux, i.e., V - n,, is of positive sign, then z7+ = z (or
z%), which is on the left side of o, while z7+ = x (or x}) in the case of a negative flux. Obtaining
the approximation of equation (14) is also direct since ¢ is affine on each simplex?. O

To introduce this gradient more intuitively, consider a quadrangular control volume 7T € T, illus-
trated in Figure 3. The center of the cell, denoted by zp, may correspond to either a primal or dual
volume, while its vertices correspond to the centers of the respective dual or primal cells. Using these
four points, we define the discrete gradient as follows.

Nizz, 3,)
* *
T, T LT,
» n
T
Nizy, o5,] — Niog o5
* - u *
T l T,
Nizg, o,)

Figure 3: Example of a control volume T with its center z7 and its four dual centers denoted with a
* superscript.

INote that if V is constant, we could also derive it directly from V - (Vq) = V - Vq and the approximation of the
gradient.
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Definition 2.7 (Discrete gradient V7, ). The discrete gradient V7, : P1(T,) — F(Ty) is defined by

( )
V’]‘;Lq b= |7—| Z N[:p}ix}iJrl]v (15)

where T; corresponds to the vertices of T, such that x7, = 27, ensures periodic indexing for our
quadrangular grid, N, ,= | is the outward normal to the segment [z7, 27, ], and [T denotes the
i i1 4 N

measure of the control volume.

Proof. The proof follows directly from the gradient theorem and that ¢ is affine on each simplex of

T € Th. O

Furthermore, on the entire domain, this gradient can be efficiently computed using a loop over the
diamonds, since for each diamond, we can directly evaluate one term of the sum in (15), with a sign
difference, for all four points.

2.3.3 DDFYV scheme for the advection-diffusion-reaction equation

Finally, using the discrete operators defined in sections 2.3.1 and 2.3.2, equation (1) can be rewritten
in discrete form as follows

VKeP,  —divl (ucVad™) + V- (Va") " kgl = i

, / (16)
V€ P*, —divih (i Vag™) + V- (V) L+ kgl = fre,

with px = ﬁ Jic v and pc- = ﬁ Jic~ 1 the finite volume discretization of the term g in K or £*.

First, the discrete equations are derived using the second-order accurate approximation (13), leading
to

VK € P, -y, (umvhq,c N, 4 (Vy - N,) [ + Vo g - (o — m]) T yelKla _

VK ePr, =3, (MIC*thIC* Ny« + (Ve - Nos) g + Va0 - (200 — %*)])

These discrete equations can then be rewritten as a linear system as
—SiTgT + SitgTh 4 Sprc T = My 7T, (17)

where Sih correspond to the stiffness matrices associated with each operator, My to the mass matrix,
and f7* to the vectorized source term. These three matrices are of the following form

; Pdiff Pdiff adv I Padv renc
Sdﬁ |:Dd1ff Ddlff:| ) Shd =Va [Df};v I]E) :| s Sh =I'Mp, (18)

where V,, corresponds to a diagonal matrix containing the coefficients V,, - N, for each line and T" to
a diagonal with the v coefficients. The terms P and D correspond to the primal or dual operations.
To efficiently construct the latter, a loop over the diamonds is performed. Furthermore, we can note
that this system is sparse and highly parallelizable. In the case of iDDFV, only Sad" is modified such

that q
adv 0 padv
S(d = |:Dadv ](:)) :| . (19)

The last part that remains here is: how to handle the different boundary conditions. First, to
account for Dirichlet boundary conditions, we use, as for finite element methods [43, 44], a penalization
strategy which leads to the following new system to solve

(_S%iff + Szdv + SI}‘LCaC + 6—1Dpcn) th _ thTh + 6_1GD, (20)

with € a very low value, typically around 10710, DP®" a diagonal matrix with one where Dirichlet
boundary conditions must be enforced and GP the vector of boundary values at these points. This
allows us to handle them the same way for each operator. The Neumann or Robin boundary conditions
are taken into account as follows: for the diffusion operator, they are handled seamlessly using the
discrete Green formula (9), while for the advection operator Szd" is modified at the boundary points
by approximating their normal derivative.

K| fxc,

[ fice -
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Proposition 2.1 (Robin boundary condition for S‘,iliﬂr). For the diffusion operator, accounting for the
Robin boundary condition leads to

(=S L PRy = [T + GE, (21)
where 1 1 1
Vo € 0T}, Vig, PRliy,is] = §6|0|, Pllic,ior] = 16|0|, Pllic,ics] = 16|a|, (22)
and ) 1
Vo € 0T, Vie, GRiy] = ggR(wa)Ial +t3 (% (@or) + 9% (@03)) lo]. (23)

Proof. Let us apply the discrete Green formula when only accounting for the diffusion part and as-
suming 092 = I'g. Indeed, this leads to

- <divTh (.uvhq)a ¢> = (:u‘vhqv VM/))L%Th) - (.uan% Trh’l/))L2([—)7’h)

F(Th)*x P1(Th)
= (UVha, Vi) r2(ry — (6% Trnt) 2 o7, + (B¢ Trnt) r2(o73,)

The result is obtained by identifying the first term as the diffusion operator S and applying the

discrete trace operator to the other two terms. O

Proposition 2.2 (Robin boundary condition for Szdv). For the advection operator, the matrixz S?Ld"
must be modified by calculating the terms on its i,-line Vo € T} with

1Vig™ 0, + g™ = g™ (x,)

For example, in the case of a conventional orthogonal quadrangular grid along the boundary, accounting
for the Robin boundary condition can be reduced to modifying the matriz S as follows

h

h advri: -
/'L+/87 Shd [ZUaZT] = mﬂa

Vo € 0T, Vig, SiViy,ig] = 51D

(24)
where T is the control cell associated with the interface o. Furthermore, we also must add the term
Grlic]) = g(z,) to the source.

Proof. The proof comes directly from the approximation of the normal gradient as V;q”" - n,, which
leads to only one term on the boundary when a standard orthogonal quadrilateral mesh is used for the
boundary. In other cases, we shall compute all the terms and modify the line accordingly. O

It shall be noted that, in both cases, Neumann boundary conditions are treated the same way by
setting 8 = 0 and replacing G® with GN.

2.3.4 An exponential fitting strategy for the advection-diffusion equation

When numerically solving the advection-diffusion equation, in particular in an unsteady state, one
can resort to an exponential fitting strategy [7, 8] that allows, using a change of variable, to study a
diffusion equation in place of the advection-diffusion one. This has been widely studied in the case
of finite element strategy [7, 8, 9] and, more recently, introduced for finite volume schemes [10]. This
is particularly useful since, in this case, the coercivity of the operator only depends on the diffusion
coefficient.

Indeed, assuming that V = V¢, i.e., comes from a potential, and that v = 0, for simplicity, we can
use the following change of variable

q(z,y) = w(z,y)p(z,y),

with w(x,y) = exp (f%) which leads to the following equation for p
-V (H’va) =/ in Q,
p = wlg®  onTIp, (25)
WiOpp + (W0pw —w(V -m))p = g¢&, on I'y.
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The latter equation can be extended to v # 0 easily since it only adds a reaction term of the form ~yw.
The main advantage of this new equation is that we only have a diffusive term, which can be easily
accounted for with DDFV, and that we have a solution if (uw), < pw < (uw)* almost everywhere,
with (pw). € R} and (uw)* € Rf. This leads to the following linear system to solve

VK € P, — >, tewic Viak - Ny 4+ |Klax K| frcs
VK* € P*, =3 k-wi=Vages - Noys + 3+ [K¥ g = |[K*| fice.

The main difficulty here is that the associated matrix is generally ill-conditioned [10]. In addition,
the term wx = % wa(m,y) can have large variations over the domain and thus a good numerical
quadrature is needed, such as a harmonic mean as in [10]. Furthermore, depending on the form of
the equation, we shall adapt the exponential fitting, which can also introduce a reaction term. From
hereafter, the scheme derived from this strategy will be called exponential fitted DDFV (expfitDDFV).

2.3.5 Some results for the DDFV scheme
Now that the DDFV scheme has been introduced, we show some useful results, particularly for the

following numerical tests.

For the advection-diffusion-reaction equation In this part, we assume that K = R and study
the advection-diffusion-reaction equation (2) under the assumptions given in section 2.1.
Therefore, the following problem is studied

V- (uVg) +V-(Vg)+v¢ = f, inQ,

g = ¢°, onIp, (26)

/Janq - (V . n)q = gR7 on FRa

In this case, the DDFV scheme reads as solving the following system
(~SH + PR 4+ e 1DPen 4 530 — 8jeec) g = M, 7, (27)
Proposition 2.3. Problem (27) is well-posed and has a solution.

Proof. In this case and with the assumptions of the introduction, proof that the DDFV scheme has a
solution and converges has been given in [24], and in [45, 46] using a variational formulation. O

For the Helmholtz equation In this part, we assume that V. =0, 4 = 1, and v = —k? € C to
study the Helmholtz equation under the assumptions given in 2.1. Furthermore, mixed Dirichlet and
Robin boundary conditions are accounted for. This corresponds to the following equation

D D
g = g, onl
anq — gN on FN (28)
Ong—ikg = g%  onTR

with 0Q = I'P UTR and mes(I'P) # 0. We also assume that R(k) # 0 and 3(k) > 0. The DDFV
discretization leads to 4
(—SPf + P+ e TDPe — S5 ¢Th = M, /77, (29)

using all the notations defined previously. The goal here is to show that the system is well-posed so
that our set of equations admits a solution.

Proposition 2.4. The problem (29) with g° = 0 and g® = 0 is well-posed and admits a solution.

Proof. First, let us remark that the global matrix —S‘giﬂ —|—P,E{ + e~ 1Dpen — §reac is symmetric since it is
the sum of symmetric or diagonal matrices. Second, let us prove that the resulting scheme is coercive.
Using the discrete Green formula (9) we obtain

(Vra, Vi) 21y — (ikq, V) r207,) — (K*q, ) 1213y = (fs¥) 12273
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We denote by a(g, 1) the bilinear form on the left side and by b(¢) the continuous linear form on the
right side. The goal is thus to show that a(q,v) is coercive. To do so, we set ¥ = —ikq. Indeed, this
leads to -

a(g, —ikq) = (ikVia, Vaq)r2 (7 + (120, @) 12(07) — (ik[kI*q, @) 1273,
Finally, using ik = S(k) — iR(k) and ik = —S(k) + iR(k) and taking the real part we get

R(a(g, —ikq)) = (S(k)Vra, Via) L2y + (@ Q)20 + (SR)KPa, @) 127
> (S(k) min(1, [k*) + C?|k[*) ullL2(7:,)

We can conclude that a is coercive since |k||a(q,q)| = |a(q, —ikq)| > R(a(q, —ikq)). Therefore, this
concludes the proof since the system matrix is symmetric and a is coercive [16]. For more general
results on the coercivity of the sequilinear form a(-,-), we refer the readers to [47, 48, 49], where the
proof is performed in general using Garding’s lemma or Fredholm’s alternative. O

Furthermore, if non-homogeneous boundary conditions are accounted for, we can derive the same
results by changing variables.

3 Numerical tests

This section is devoted to numerical tests that validate the DDFV scheme to solve problems (26)
and (28). Furthermore, we also compare the different strategies introduced to solve the advection-
diffusion-reaction equation (26) in terms of accuracy. To validate their expected behaviors, we study
the following three approximation errors

Emax(th) _ maxXze7;, (|gex () — qT (2)))

maxeer, (|gex(2)])
_qTn
Ei(¢™) = M, (30)
l| Gex |1
Ez(th) _ [l Gex — QThHQ.
Il gex||2

In each case, we will study the convergence with the mesh size h = min(h,, h,) over a conventional

N, x N, Cartesian quadrangular mesh, and a randomly distorted one [50]. The latter is constructed

as follows. From a conventional Cartesian mesh, we randomly move each point inside the domain
according to

V(i,7) € [1,Ng] x [1, Ny], ij = xij + chy(Ry — 0.5)

yij = yij + Uhy(Ry - 05),

where o is the distortion factor. We will use ¢ = 0.5 in all the numerical examples corresponding to
a highly distorted mesh. In Figures 4 (a) and (b), we give an example of a Cartesian mesh with its
distorted counterpart, respectively.

In the case of the advection-diffusion-reaction equation, the three schemes DDFV, iDDFV, and the
exponential fitted DDFV (denoted as expfitDDFV) will also be compared in terms of conditioning.

In addition, the Python codes used for all the tests are available at the following link: https:
//github.com/thobonensta/mDDFV. We are currently developing a Fortran-based version of the code
using the Hypre LLNL library [51].

(31)

3.1 Solving equation (26) with DDFV

3.1.1 Homogeneous Dirichlet boundary conditions

In this case, we solve (26) in the computational domain Q = [0,1] x [0,1]. We set p =1, V = [2,1]
and v = 1. Furthermore, the source term and the boundary conditions are computed so that

Qex(xvy) = x(x - 1)y(y - 1)’ (32)

is the exact solution of (26). On the boundary, we have I'r = () and I'p = 9 such that g® = 0. The
parameters are chosen so that the diffusion and advection coefficients are of the same order.
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Figure 4: Example of a Cartesian quadrangular grid and its distorted counterpart.

In Figures 5 (a) and (b), we plot ¢7* and gex(z7;,) for a Cartesian grid with 128 x 128 points,
respectively. Then, in Figure 6, we plot the error convergence for E5 with i on the conventional and
distorted meshes for DDFV, iDDFV, and expfitDDFV. In the legend, a denotes the computed rate
of convergence. We also report all the different errors for the different meshes in Table 1 when the
standard DDFV scheme is applied, in Table 2 for iDDFV, and Table 3 when the exponential fitting
technique is applied. Finally, in Table 4, we report the different condition numbers for different step
sizes for the three methods.

0.00 0.00

20 40 60 80 100 120

(a) ¢"h computed with DDFV. (b) Projection of the exact solution gex in Ty

Figure 5: Evolution of ¢7* and gex over the domain € when a 128 x 128 cells mesh is considered in the
case of homogeneous Dirichlet boundary conditions.

This test shows that the three methods are working well. Indeed, we obtain the same accuracy
with DDFV, iDDFV, and expfitDDFV as expected. Furthermore, the convergence is of order 2 for all
the methods, corresponding to the super-convergence order usually exhibited by DDFV [16]. It shall
be noted that the exponential fitted strategy is computationally less intensive and easier to implement
at the cost of a highly ill-conditioned matrix, see Table 4, compared to DDFV and iDDFV.
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== DDFV 0=0, &a=1.98
DDFV 0=0.5, a=2.04

-+ expfitDDFV o0=0, a =2.00
o~ expfitDDFV 0=0.5, a=2.04

+- DDFV 0=0, a=2.00
iDDFV 0=0.5, a=2.01

107 4

T
102 2x1072  3x10724x10"? 6x1072

step size h

Figure 6: Evolution of the [? error with respect to h in a LogLog scale. The star and dot marker
correspond to the conventional and distorted mesh, while the plain, dotted, and dashed lines correspond
to the standard, iDDFV, and expfitDDFV, respectively.

Cartesian grid Distorted grid
NI X Ny E1 E2 Eoo E1 E2 Eoo
16x16 | 4.7x1073% [ 54%x1073 [ 3.7x1073 | 53x1072% [ 5.5 x 1073 | 5.7 x 1073
32x32 [15x10 73 [14x103[1.0x103[[15x102 [ 1.5x103 [ 1.7x1073
64x64 [32x107%[36x10%[24x107*|36%x10%[38x10"*|44x%x10°*
128 x 128 [ 81 x 107 [ 91 x107° [ 6.1 x107° [[ 89 x107° [ 9.3x 107° | 1.3 x 10~ ¢

Table 1: Evolution of Fy, E5, and F., over the number of unknowns when considering a Cartesian or
distorted grid when homogeneous Dirichlet boundary conditions are considered for the DDFV scheme.

Cartesian grid Distorted grid
Nx X Ny E1 E2 Eoo E1 E2 Eoo
16x16 |55x102%[6.1x103[40x10 3] 62x103[6.2x10"3]72x103
32x32 [14x103[15x1073 [ 1.0x103 [ 1.7x1072 [ 1.6 x 1073 | 2.0 x 1073
64x64 | 34x107F[38x107F[25x107*[[39x10*[41x107*|53x10*
128 x 128 [ 85 x107° [ 9.5x107° [ 63x 1072 || 9.7x 1075 [ 1.0x 10~* | 1.3 x 10~*

Table 2: Evolution of F1, Esy, and F, over the number of unknowns when considering a Cartesian or
distorted grid when homogeneous Dirichlet boundary conditions are considered for the iDDFV scheme.

Cartesian grid Distorted grid
NI X Ny E1 E2 Eoo E1 E2 Eoo
16x16 [56x103[63x103][73x102[60x103]66x10"3]9.9x1073
32x32 [14x1073[16x10%]1.9x107 2 [[1.6x1073 | 1.7x1073 | 1.9 x 103
64x64 [36x10*40x10%*[48x107*||39x10*[41x107*|7.0x10°%
128 x128 [ 9.1 x10° [10x107* [ 12x107*[[10x107*[1.0x107* ] 1.8x 1071

Table 3: Evolution of FE7, E5, and F, over the number of unknowns when considering a Cartesian or
distorted grid when homogeneous Dirichlet boundary conditions are considered for the expfitDDFV
scheme.

DDFV iDDFV | expfitDDFV
16 x 16 | 3.4x10° | 3.3x10° | 32.8x 103
32x32 | 123x10% | 11.9 x 103 | 106.1 x 103
64 x 64 | 45.5 x 10° | 45.2 x 10° | 381.1 x 103

Table 4: Evolution of the condition number of the matrix associated with each method with the grid
size.
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3.1.2 Non-homogeneous Dirichlet boundary conditions

In this case, we solve (26) in the computational domain © = [0, 1] x [0, 1]. Here, we set p =5, V = [1,1]
and v = 1. Furthermore, the source term and the boundary conditions are computed so that

Gex(z,y) = x cos(z) + ysin(y) + 1 (33)

is the exact solution of (26).

First, let us study the case where only Dirichlet boundary conditions are accounted for, so that
00 =Tp and 'y = 0, and gD calculated so that gex is the exact solution.

In Figures 7 (a) and (b), we plot ¢7* and gex(z7,) for a Cartesian grid with 128 x 128 points,
respectively. Then, in Figure 8, we plot the error convergence for E5 with i on the conventional and
distorted meshes. In the legend, o denotes the computed rate of convergence. We also report all the
different errors for the different meshes in Table 5 when the standard DDFV scheme is applied, in
Table 7 for iDDFV, and in Table 6 when the exponential fitting technique is applied.

10

0.6

0.2

0.0
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

(a) ¢"h computed with DDFV. (b) Projection of the exact solution gex in T,

Figure 7: Evolution of ¢7* and geyx over the domain € when a 128 x 128 cells mesh is considered.

== DDFV 0=0, a=2.02
DDFV 0=0.5, a = 1.80

= expfitDDFVo =0, a=2.02
@~ expfitDDFVo=0.5, a=2.06

<. IDDFV0=0, a=2.02
IDDFV 0=0.5, a=2.04

E

10-5 4

T
10-2 2x107? 3x107% 4x 1072 6x107?

step size h

Figure 8: Evolution of the 2 error with respect to h in a LogLog scale. The star and dot marker
correspond to the conventional and distorted mesh, while the plain and dashed lines correspond to the
standard and exponential fit DDFV, respectively.

In this case, the proposed methods (DDFV and iDDFV) work well. Indeed, the error is low, and

we observe a second-order convergence, even when a highly distorted mesh is considered. In addition,
errors are of the same level for the conventional and distorted mesh, showing that the methods are quite

13



Cartesian grid Distorted grid

N$ X Ny E1 E2 Eoo El E2 Eoo
16x16 [34x1077[18x107%[41x107%[[33x107%]22x10"%[6.7x107%
32x32 [96x10° [45x10° [1.1x107* || 13x10*[47x107° | 3.2x10°*
64x64 [25x10°[11x10°[28x10°]60x10°|16x10"° [21x10°%

128 x 128 [ 6.6 x 1076 [ 29x 1076 | 7x107% [[3.1x10° [ 4.7x10°%]99x10°°

Table 5: Evolution of F7, Fs5, and F, over the number of unknowns when considering a Cartesian or
distorted grid when Dirichlet boundary conditions are considered for the DDFV scheme.

Cartesian grid Distorted grid

N$ X Ny E1 E2 Eoo El E2 Eoo
16x16 [34x107%[18x107%[41x107% | 40x107%]20x10"*[5.8x107%
32x32 [96x10°[46%x10°[11x107*]9.9%x10°[49x10° | 1.5x10°*
64x64 [26x10°[12x107° [27x107° | 27x107° | 1.2x107° | 4.7x107°

128 x 128 | 6.6 x 1070 [ 29x 1079 | 6.8 x 10 % [[ 6.9x 108 [ 29x 10 %[ 1.2x10°°

Table 6: Evolution of Fy, Es, and E., over the number of unknowns when considering a Cartesian
or distorted grid when Dirichlet boundary conditions are considered, when the exponential fitting is
applied.

Cartesian grid Distorted grid

Nm X Ny E1 EQ Eoo E1 E2 Eoc
16x16 [35x10%[1.9x10%[56x10 % 34x10%]18x10 %] 41x10°1
32x32 [9.7x107° [49x10° [ 1.6x10° %[ 9.6x107° [ 47x107° | 1.1 x 10~ *
64x64 | 25x107° [12x107° [49x10° [[25x10° | 1.2x10°° | 28 x 1075

128 x 128 [ 6.6 x 1070 [ 3.0x 10 %[ 13x10° | 6.6 x10° 6 [ 29x107% | 7.0 x 107©

Table 7: Evolution of E1, E5, and F, over the number of unknowns when considering a Cartesian or
distorted grid when Dirichlet boundary conditions are considered for the iDDFV scheme.
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stable to the mesh configuration. Furthermore, the convergence result was expected in this case, since
in general DDFV exhibits a super convergence of order 2 [16], even if error estimates show an O(h)
order [24]. In addition, we obtain similar results with the exponential fitting procedure, as expected.
Nonetheless, the latter allows us to avoid implementing the advection operator matrix, leading to a
better computation time and space complexity. We can also remark that the exponential fitting DDFV
scheme is slightly more stable with the distorted mesh. Nonetheless, as a reminder from the previous
test, the matrix associated with expfit DDFV is ill-conditioned compared to the other two.

To conclude this test, we conduct a numerical experiment on the robustness of the method with
the advection coefficient. Indeed, one of the main difficulty is the convection dominated case. To do
so, we set the diffusion and reaction coefficients to u = v = 1, we use the 32 x 32 mesh. Furthermore,
as before, we consider either a conventional Cartesian mesh or its distorted version. Therefore, for
different particle velocities we report the results in terms of the different errors in Table 8. To make it
more readable and easily compare the three methods, we obly report the E5 error.

Cartesian grid Distorted grid
\4 DDFV iDDFV expfitDDFV DDFV iDDFV [ expfitDDFV
[1,1] 1.9 x 1077 4.6 x 107° 57x107° [[ 1.7x107* [ 48 x107° | 5.8 x 1073
10, 10] 1.2 x 107 4.5 x107° 1L.1x107% [[ 1.7x1072 [ 47x107° | 1.1x 1073
[100,100] | 83 x 1072 [ 1.2 x 6.0 x 107 - - 68x 1077 -
[1000, 1000] - 4.8 x 1074 - - 5.0 x 1077 -

Table 8: Evolution of E5 with V when considering a Cartesian or distorted grid and the three different
methods. The ’-> means the method failed to give an accurate result.

From this table we can conclude that the iDDFV scheme is robust to the advection coefficient, while
the other struggle with convection dominant case. For the expfitDDFV, we think that it is mostly due
to the exponential change of variable boundary conditions. In addition, the error of DDFV is in line,
with the one obtained in [24]. The advantage of the interpolation, i.e., iDDFV, might comes from the
fact that we approximate to high order the quantity of interest on the interface directly.

In conclusion, we recommend to use the iDDFV strategy over DDFV or the expfitDDFV since it
can be used in any setup.

3.1.3 The mixed boundaries case

Thirdly, let us study the case where mixed boundary conditions are accounted for. The parameters
and the exact solution remain the same as in the previous test. Nonetheless, here, we consider Robin
boundary condition, i.e. I'®, on the left of the domain and Dirichlet boundary conditions, i.e. I'P,
on the rest of the border. As before, we analyze the behavior of DDFV for the three errors defined
in (30). For h decreasing, we report the different errors in the Cartesian or distorted grid case in
Table 9 for the standard DDFV scheme, in Table 11 for iDDFV, and in Table 10 for its exponential
fitted counterpart. In Figure 9, we also plot the convergence of Eq(h).

Cartesian grid Distorted grid

Na: X Ny E1 EQ Eoo E1 E2 Eoc
16x16 |65x107%[86x107*|1.9x103 | 66x10"*[86x10"*]19x103
32x32 [26x107%[34x1077[78x107%]25x107*[33x107*[75x10°%
64x64 [11x107F[15x1077[35x107* [ 12x107* | 1.5x107%] 3.5x107*

128 x 128 [ 54 x107° [ 72x10° [ 1.6 x107* || 53 x107° [ 71x107° | 1.6 x 10~ %

Table 9: Evolution of E1, F5, and F, over the number of unknowns when considering a Cartesian or
distorted grid in the case of mixed boundary conditions for the standard DDFV scheme.

Here, we observe a convergence of order 1 numerically, which corresponds to the error estimate
of DDFV [2, 3, 24]. This could be due to the approximation of the integral on the boundary for the
Robin boundary condition. Nonetheless, as before, we can see that the methods work well even when a
highly distorted mesh is considered. Furthermore, here we can see that the exponential fitted strategy
is better in terms of accuracy, which is normal since we approximate the Robin boundary condition
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Cartesian grid Distorted grid

Nm X Ny E1 E2 Eoo El E2 Eoo
16 x 16 4x107% [45x1072 [ 75x107% || 45x107F [ 45x107% [ 81x107*
32x32 [13x107*]18%x107%[33x107*|14x107*[1.7x107*]3.6x10°*
64x64 |[56x10°|73x107°[1.6x107*]58x10°|73x10"°|1.6x10"*

128 x 128 [ 26 x107° [ 34x10° [ 7.6 x107° || 26 x107° [ 3.5x10°° | 7.9 x 1077

Table 10: Evolution of Fy, F5, and F, over the number of unknowns when considering a Cartesian
or distorted grid in the case of mixed boundary conditions for the expfitDDFV scheme.

Cartesian grid Distorted grid

Nz X Ny E1 EQ Eoo E1 E2 Eoc
16x16 [64x107*[83x107*[18x103 || 6.6x10"*[87x10"%|1.9x1073
32x32 [26x10%F[34x107F[78x10°*[[26x10*[35x107*|79x10*
64x64 [12x1077[16x1077[36x107* [ 12x107* [ 1.6x10"%]3.5x 10717

128 x 128 | 54 x107% [ 72x10° [ 1.6 x 107 * || 5.6 x107° | 74x 1075 [ 1.6 x 1077

Table 11: Evolution of Fy, F5, and F, over the number of unknowns when considering a Cartesian
or distorted grid in the case of mixed boundary conditions for the iDDFV scheme.

1073

E;
%

// = DDFV 0=0, a=1.09
10~ A s
- DDFV 0= 0.5, = 1.12
- ’.0' —#=  expfitDDFV 0=0, a =1.10
- -
,,’ o~ expfitDDFVo=0.5, a=1.08
e +. DDFV =0, a=1.16
-
v’ DDFV 0=0.5, a=1.08
T
102 2x1072  3x10724x10"? 6x1072

step size h

Figure 9: Plot of F5(h) in a LogLog scale for the mixed boundary conditions case. The same legend
as in Figure 8 is used here.
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once here, for the diffusion operator, while we need to approximate it twice for the DDFV schemes,
i.e., for the diffusion and the advection operators.

In conclusion, these tests have shown that the DDFV scheme works well for the advection-diffusion-
reaction equation with mixed boundary conditions (26).

3.2 Solving Helmholtz equation (28) with DDFV

Here, we study the Helmholtz equation (28). For all the tests, we set k = 27/, with A = ¢/f and
f = 300 MHz. As before, the numerical experiments are here to validate the behavior of DDFV in
this case.

3.2.1 The Dirichlet boundary case

Here, we consider solely Dirichlet boundaries so that 9 = I'P. Furthermore, equation (28) is solved
in the domain Q = [0,0.4] x [0, 3.2], and the source term as well as the boundary term are calculated

so that
Gex(z,y) = sin (27r z > sin (27r Y )
xmax yma.x

is the exact solution. This corresponds to accounting for a homogeneous Dirichlet boundary condition.
First, in Figure 10 (a), we plot ¢7» obtained with DDFV when a mesh with 128 x 128 elements is
considered. In Figure 10 (b), the absolute difference with gey is provided in this case.

3.0 4 3.0
0.75
0.00020
2.51 2.5
0.50
2.01 0.25 2.0 0.00015

151 15

-0.25

1.0
-0.50

0.5
-0.75

0.0 T T T T T T T 0.0
000 005 010 015 020 025 030 035 040 000 005 010 015 020 025 030 035 040

0.00010

1.0 4

0.00005
0.5 4

(a) ¢"r in Q computed with DDFV. (b) Absolute difference |gex(75) — ¢7" |

Figure 10: Plot of the electric field computed in 2 with DDFV and of the absolute difference with the
exact solution. Here a 128 x 128 control volumes mesh is used.

Here, we can see that the overall variations as well as the Dirichlet boundary conditions are well
taken into account. Furthermore, the error absolute difference is relatively low.

Second, to better observe the behavior of DDFV in this case, we plot the convergence of Fy with
h in Figure 11. In this case, the two lines correspond to the conventional or distorted mesh, while «
in the legend is the numerical convergence rate.

We also report in Table 12 the variation of the three measured errors with increasing control
volumes when either the Cartesian mesh or its distorted counterpart is considered.

From Figure 11 and Table 12, we observe a convergence of order 2, as expected from the literature
and the previous tests. In addition, even on the distorted mesh, the error is of the same order as on
the conventional mesh, showing the robustness of the method to the mesh. This test thus shows that
the method works well to solve the Helmholtz equation with Dirichlet boundary conditions.

3.2.2 Accounting for an absorbing boundary condition

Now, we consider the case of mixed boundary conditions. To be more precise, in this case, one can
consider ¢ as the total field, i.e., the sum of the incident and scattered fields. Moreover, we consider
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Figure 11: Plot of Es(h) in a LogLog scale. The star and dot marker correspond to the conventional

102 4

1072 4

and distorted mesh.

—*- 0=0,a=2.00
0=0.5 a=1.91

3x10774x 1073

6x1073

T
1072
step size h

2 %1077

Cartesian grid Distorted grid
Nx X Ny E1 E2 Eoo E1 E2 Eoo
16x16 | 1.5x102[15x102|1.5x10 2] 38x102[25%x10"%2]55x 102
32x32 [38x10°[38x103[38x10 3| 74x102]49x103]1.2x102
64x64 [95x107*195x107%[95x107*|23%x102%[13x103]3.6x10°
128 x128 [ 24 x 1077 [ 24x1077[24%x107% [ 58x10° %[ 35x107 %[ 1.3x10°3

Table 12: Evolution of E, E5, and F., over the number of unknowns when considering a Cartesian
or distorted grid in the case of Dirichlet boundaries.

the incident field to be a plane wave of amplitude 1 coming from an angle ;. This leads to the interior
problem, and the Robin boundary condition allows us to approximate the Sommerfeld condition and
to account easily for the incident plane wave. Thus, this problem is widely studied in the literature [6]
since it is useful for many applications.

In particular, here we consider a plane wave coming from #; = 0°. The computation domain is
Q =1[0,1] x [0,1]. Furthermore, an absorbing boundary condition is accounted for on the right side of
the domain with

g®(1,y) = i(k — k; - n) exp (—ik; - x),

where n is the exterior normal, k; = [—k cos(6;), —k sin(6;)] the incident wave vector, and x the position
in Q. The upper and lower boundaries are considered to be homogeneous Neumann conditions, while
the left one is a homogeneous Dirichlet condition, which models a perfect electric conductor. In this
case, the exact solution is the sum of the incident plane wave and its reflection.

The absolute value of the solution ¢7# computed with DDFV is plotted in Figure 12 (a). Indeed,
here we obtain a solution ¢ € C. In addition, as for the previous test case, we plot the absolute
difference with the exact solution in Figure 12 (b).

As before, one can see that DDFV works well in this case. Indeed, we can see that the total
field computed respects the behavior of the exact solution, with sinusoidal variations, as expected.
Furthermore, the absolute difference is low, and the error is mainly distributed on the absorbing
boundary condition.

To better observe the behavior of DDFV, we plot the evolution of Es with h in Figure 13. In
the latter, the star and circle marker correspond to a Cartesian mesh or its distorted counterpart. In
addition, we report in Table 13 the different errors (30) for the different studied cases.

As for the previous test case, i.e., with only Dirichlet conditions, we observe second-order conver-
gence, even on the distorted mesh. Furthermore, the errors in the conventional and distorted mesh are
quite close, again showing the method’s robustness with the mesh distribution. We can thus conclude
that DDFV performs well in this case, and can hence be used to solve the Helmholtz equation and to
study electromagnetic problems.
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Figure 12: Electric field computed with DDFV, i.e. ¢”* and absolute difference with the exact solution.
As before, a 128 x 128 control volume mesh is used for this plot.
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Figure 13: Plot of F5(h) in a LogLog scale for the mixed boundary conditions case. The same legend
as in Figure 11 is used here.

Cartesian grid Distorted grid
NI X Ny E1 E2 Eoo E1 E2 Eoo
16x16 [ 50x1072[47%x1072 [ 41x1072 | 59x1072 [ 54x1072 | 53 x10~2
32x32 [12x102[12x1072][1.0x10 2 1.4x102[13%x10"2]1.3x102
64x64 [31x1073[29x10%]25x1072 [ 35%x1073[32x1073|4.1x103
128 x 128 | 78 x 107 % [ 73x107% [ 63x 107 % [[ 88 x107* [ 79x107* [ 1.1x 1073

Table 13: Evolution of Fy, Fs3, and F., over the number of unknowns when considering a Cartesian

or distorted grid in the case of mixed boundary conditions.

19



341

342

343

344

345

346

347

348

349

350

351

352

353

354

355

356

357

358

359

360

361

362

363

364

365

366

367

368

369

370

371

372

373

374

375

376

377

378

379

380

381

382

383

384

385

386

387

4 Conclusion

In this paper, we proposed a self-consistent DDFV method to solve the steady-state advection-diffusion-
reaction equation with mixed boundary conditions. In particular, we proposed two different strate-
gies to handle the advection term in DDFV. We also presented and compared our approach to an
exponential-fitted DDFV scheme.

We first extended the approach of [24] by incorporating a reaction term and handling mixed bound-
ary conditions, and also proposed another way to handle the advection term using the primal/dual
mesh. A key novelty of our work is that we did not restrict ourselves to real-valued solutions, allowing us
to address the Helmholtz equation as well. This led to a discrete formulation of the advection-diffusion-
reaction equation on the primal/dual mesh of DDFV. We established the existence of a solution in
two relevant cases. We have also shown that the traditional tools of finite elements can be used with
DDFV, facilitating the implementation of absorbing and Neumann boundary conditions. Moreover,
unlike traditional finite volume methods, DDFV imposes no constraints on the mesh structure, making
it particularly suited for complex geometries.

To validate the method, we performed an in-depth numerical analysis on two important problems:
the advection-diffusion-reaction equation with mixed boundary conditions, relevant in plasma model-
ing, and the Helmholtz equation with absorbing boundary conditions, used to describe scattered fields.
The results confirmed that the method generally achieves second-order superconvergence and remains
stable even on highly distorted meshes. For the advection-diffusion-reaction equation, the observed
O(h) error is consistent with theoretical predictions [24] and could also be explained by the approxi-
mation of the boundary integrals. In addition, we tested the robustness of the proposed approaches for
different advection coefficient and have shown that it seems best to use the proposed iDDFV scheme
in general since it performs well even in convection dominated regime.

This generalization of DDFV significantly broadens its potential applications in electromagnetic. It
provides an alternative to the finite element method for modeling scattered fields, particularly in cases
involving thin layers, where finite volume schemes offer a natural way to handle jump conditions [2, 5].
Additionally, we are currently exploring its use in tunnel propagation problems, where the parabolic
wave equation is traditionally solved using finite differences [52, 53]. The flexibility of DDFV makes
it particularly well-suited for handling complex structures in such scenarios.

Moving forward, our main focus is to extend the method to unsteady problems, particularly for
solving the drift-diffusion model [11] used in cold plasma modeling.
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