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2Université de Pau et des Pays de l’Adour, E2S UPPA, SIAME, Pau France6

November 28, 20257

Abstract8

This paper presents an extension of the discrete dual finite volume (DDFV) method to solve9

the stationary advection-diffusion-reaction equation with mixed boundary conditions. As a par-10

ticular case, we also consider the Helmholtz equation with absorbing boundary conditions. The11

main point is to propose a self-consistent method where the advection term is also discretized in12

the primal/dual mesh of DDFV. Here, we propose two different approximations of the advection13

term using the primal/dual mesh. In addition, we also derive an exponential fitted DDFV scheme14

to compare them in terms of accuracy and conditioning. A major advantage of DDFV is its ability15

to naturally handle diffusion terms while preserving fundamental mathematical properties such as16

Green’s identity. This makes the implementation of Robin boundary conditions straightforward.17

However, treating the advection term requires additional considerations. We achieve this by ap-18

proximating the normal gradient using the discrete DDFV gradient and adjusting the correspond-19

ing matrix terms accordingly. To validate our approach, we establish the existence of solutions for20

the discrete schemes and conduct numerical experiments on both the advection-diffusion-reaction21

and Helmholtz equations. The results confirm that our method exhibits second-order supercon-22

vergence in general, even when applied to highly distorted meshes, demonstrating its robustness23

and accuracy.24

1 Introduction25

In this work, we study the steady advection-diffusion-reaction equation, given by

−∇ · (µ∇q) +∇ · (Vq) + γq = f, in Ω, (1)

where q is the quantity of interest, µ the diffusion tensor, V a vector field representing the particle26

velocity, γ the reaction coefficient, and f a source term. This equation is completed with mixed27

boundary conditions applied on subsets ΓN, ΓD, and ΓR of the domain boundary, corresponding to28

Neumann, Dirichlet, and Robin conditions.29

Our main objective is to develop a self-consistent discrete dual finite volume (DDFV) scheme [1, 2,30

3, 4, 5] to solve (1) under mixed boundary conditions. Efficient numerical schemes for (1) are crucial31

for various applications, particularly in electromagnetism. When V = 0, the equation reduces to the32

Helmholtz equation, which models wave propagation (acoustic or electromagnetic) in the frequency33

domain [6]. In addition, a reaction term γq can also appear when an exponential fitting procedure is34

applied to the advection-diffusion equation [7, 8, 9, 10]. Moreover, the unsteady counterpart of (1),35

coupled with a Poisson equation, arises in modeling cold plasma [11], electrostatic discharges [12, 13],36

and electroporation phenomena [14].37

Traditional finite volume methods (FVM) [15, 16]—such as the two-point flux approximation—are38

widely used due to their reduced stencil and local flux approximation at mesh interfaces. However,39

they require an admissible mesh satisfying orthogonality constraints [17], limiting their applicability40

to complex geometries. Finite difference methods also face challenges on irregular meshes, often41
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necessitating advanced techniques like ghost points or immersed interfaces [18, 19, 20] for handling42

interface conditions.43

More recently, mimetic schemes have shown promising results [21, 22, 23]. Indeed, they allow us44

to build a scheme that preserves physical or mathematical properties, such as the Green relation. This45

work focuses on the DDFV scheme [24, 16], which is a mimetic finite volume method. In a few words,46

DDFV is based on a well-defined diamond mesh, allowing us to recover a discrete Green relation47

while no orthogonal constraints on the mesh are required. Furthermore, as for usual finite volume48

schemes, jump conditions are easily accounted for [2, 5]. Additionally, DDFV offers strong convergence49

properties, achieving a second-order super-convergence rate even on highly distorted meshes, while50

first-order accuracy has been shown [2, 3, 24] in general.51

DDFV has been successfully applied to Poisson’s equation [1, 25, 26, 2, 27, 5] and steady convection-52

diffusion problems [24]. It has also been used for the Navier-Stokes equation [28, 29, 30], the Stokes53

equation [31, 32, 33, 34], and for transport-diffusion equations [35, 36, 37, 4, 38], where WENO schemes54

were employed for transport fluxes. In this work, we extend the approach in [24] to the advection-55

diffusion-reaction equation while incorporating mixed boundary conditions. Contrary to [37], no56

WENO interpolation scheme is used and only the DDFV unknowns are utilized, leading to a self-57

consistent scheme. Also, we differentiate from [24] by proposing a new approximation of the advection58

term using the primal/dual coupling of the DDFV scheme. By leveraging the discrete Green property59

of DDFV, we show that Neumann and Robin conditions are naturally handled. In addition, we also60

present an exponential fitting procedure, as in [10], that allows for a change of variable to solve a61

diffusion equation in place of the advection-diffusion equation, leading to a direct use of the efficient62

DDFV scheme and to overcome the non-coercivity problem for certain values of V · n. As a special63

case, we examine the Helmholtz equation (V = 0) and demonstrate how the proposed scheme effi-64

ciently manages absorbing boundary conditions, making it well-suited for modeling electromagnetic65

wave propagation in the frequency domain. To the authors’ knowledge, the DDFV scheme has not66

yet been applied to the steady-state advection-diffusion-reaction with mixed boundary conditions, and67

has not been generalized to the case of the Helmholtz equation where we seek q ∈ C.68

The rest of the paper is organized as follows. Section 2 is devoted to describing the problem in69

more detail and introducing the DDFV scheme to solve the advection-diffusion-reaction equation. In70

Section 3, numerical experiments are performed to validate the method. In particular, we study the71

advection-diffusion-reaction and the Helmholtz equations under mixed boundary conditions (Dirichlet,72

Neumann, and Robin). Finally, Section 4 concludes the paper and gives perspective for future works.73

2 Description of the computational scheme74

2.1 Definition of the problem and notations75

In this work, we will either work in R and C depending on the application. In particular, when studying76

the Helmholtz equation for electromagnetic wave propagation, then γ ∈ C. Therefore, we will use the77

notation K for either R or C. In the case of C, we denote by q the complex conjugate of q, and by78

ℜ(q) and ℑ(q) its real and imaginary parts. Furthermore, we restrict our case to problems in R2, such79

that Ω ⊂ R2. We denote its boundary by ∂Ω. The latter can be decomposed into ΓD ∪ ΓN ∪ ΓR for80

the Dirichlet, Neumann, and Robin boundary conditions, respectively. Furthermore, the vectors are81

denoted in bold as V, and their normalized counterparts in lowercase as v. Throughout the paper,82

we also denote by ∂n the normal gradient defined as ∂nu = ∇u · n with n the exterior normal to the83

considered interface.84

As said in the introduction, we are interested in solving the following general problem
−∇ · (µ∇q) +∇ · (Vq) + γq = f, in Ω,

q = gD, on ΓD,
µ∂nq = gN, on ΓN,

µ∂nq + βq = gR, on ΓR,

(2)

where µ ∈ K the diffusion coefficient, such that µ∗ ≤ µ ≤ µ∗ with µ∗ > 0 almost everywhere in Ω,85

V ∈ (L∞(Ω))2 and ∇ · V ∈ L∞(Ω), γ ∈ K the reaction coefficient, f ∈ L2(Ω), β a constant in K86

and gi ∈ H1/2(∂Ω). In this case, under some mild assumptions [39, Chapter 3], problem (2) admits87

q ∈ H1(Ω) as a weak solution. Note that in the case of the Helmholtz equation, i.e., V = 0, µ = 1 and88
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γ ∈ C of the same sign as the diffusion coefficient, then the proof relies on ℑ(γ) > 0, where ℑ is the89

imaginary part. When an exponential fitting [7, 8] is performed to handle the advection term, then90

the reaction term γ ∈ R, and γµ ≤ 0, leading to direct coercivity of the operator.91

2.2 The DDFV diamond mesh92

As mentioned in the introduction, the DDFV scheme relies on a diamond mesh constructed from a93

primal/dual mesh pairing. This section introduces this pair and the derived diamond mesh.94

The primal mesh, denoted by Ph, consists here of a standard conformal quadrangular partition of95

the domain Ω. Each control volume K ∈ Ph has a center denoted by xK. The interface between two96

adjacent primal cells K ∈ Ph and L ∈ Ph is denoted by ν. An example of a primal mesh is given in97

Figure 1 (a), where the green points denote the center of each control volume and the filled ones the98

center at the domain’s boundary.99

We directly derive the dual mesh from this primal mesh, denoted by P∗
h. Indeed, here each primal100

vertex serves as the center of a dual control volume K∗ ∈ P∗
h. Conversely, the vertices of K∗ correspond101

to the centers of adjacent primal control volumes K. The center of a dual control volume is denoted102

by xK∗ . Furthermore, considering two adjacent dual cells K∗ and L∗, we denote by ν∗ their interface.103

This construction is illustrated in Figure 1 (b), where the squares correspond to the dual center and104

the filled ones are dual centers at the boundary of the domain.105

The complete partition of the domain Ω is then denoted by Th such that Th = Ph ∪P∗
h. The latter106

is an overlapping partition of Ω.In addition, we denote by ∂Th its boundary interfaces, that can be107

decomposed into ∂T D
h ∪ ∂T N

h ∪ ∂T R
h to account for the different boundaries. The discrete counterpart108

of the unknown q in Th is denoted by qTh such that qTh = (qK∈Ph
, qK∗∈P∗

h
) ∈ KTh .109

xK xL

K L

ν

∂Ω

(a) Primal mesh Ph

K∗

L∗

xK∗
xL∗ν∗

(b) Dual mesh P∗
h

Figure 1: Example of the primal and dual meshes when a quadrangular grid is considered. The circle
corresponds to the primal unknowns, while the square indicates the dual ones. The filling indicates
boundary unknowns.

We can now define the diamond mesh denoted as Dh. Let us consider two adjacent primal (or dual)110

cells K and L that share the common edge ν = [xK∗xL∗ ], where K∗ and L∗ are the associated dual111

cells. Then each diamond is defined as the quadrangle D = [xKxK∗xLxL∗ ] ∈ Dh. One example is given112

in Figure 2. Additionally, we denote by Nν and Nν∗ the normals to the edges ν and ν∗, respectively.113

When needed, their normalized counterpart are denoted in lower case, e.g. nν and nν∗ . This structure114

establishes a direct link between P and P∗ and is at the core of the mimetic structure of DDFV.115

xK

xK∗

xL

xL∗

ν∗

ν

Nν

Nν∗

Figure 2: An example of a diamond D of the set of diamonds Dh.
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Finally, we define some useful spaces and scalar products in our discrete setting. First, let us define
L2(Dh), the set of discrete vector fields over Th and piecewise constant in Dh. The latter is equipped,
as a subset of L2(Ω), with the following scalar product [40]

∀ψ, ϕ ∈ L2(Dh), (ψ, ϕ)L2(Dh) =
∑
σ∈S

ϕσ · ψσ|D|, (3)

with |D| the measure of the corresponding diamond, and S the set of interfaces, i.e., the boundaries
of either K for the primal or K∗ for the dual. Second, we define L2(∂Th) consisting of the functions
defined on ∂Ω that are piecewise constant for σ ∈ ∂Th. This set is equipped with the following inner
product

∀ψ, ϕ ∈ L2(∂Th), (ψ, ϕ)L2(∂Th) =
∑

σ∈∂Th

ϕσ · ψσ|σ|. (4)

To conclude, the finite volume approximation of ϕ is defined as usual by

ϕ̃ =
1

|T |

∫
T
ϕ.

We also define as F(Th) the set of these functions over Th, and by P 1(Th) the set of differentiable finite
volume functions. Thus, we can define the following bracket [40]

∀ϕ ∈ F(Th), ψ ∈ P 1(Th), ⟨ϕ, ψ⟩F(Th)×P 1(Th)
=

1

2

 ∑
K∈Ph

ϕKψ(xK)|K|+
∑

K∗∈P∗
h

ϕK∗ψ(xK∗)|K∗|

 (5)

2.3 Definition of the discrete operators116

Then, to discretize Equation (1), we must define the proper discrete counterpart of each operator, i.e.,117

the advection and the diffusion ones here.118

2.3.1 The discrete diffusion operator119

Let us begin with the diffusion operator, which is the easiest of the two. Indeed, in this case, we can120

directly follow the DDFV scheme that solves the Poisson equation [2, 3, 5] and utilize the discrete121

gradient and divergence operators’ definitions.122

Definition 2.1 (Discrete gradient ∇h). First, let us define the discrete gradient operator ∇h :
P 1(Th) 7→ L2(Dh) as

∇hq
Th =

1

2|D|
((qL − qK)Nν + (qL∗ − qK∗)Nν∗) , (6)

with |D| the measure of the diamond D = [xKxK∗xLxL∗ ].123

Proof. The proof that (6) corresponds to the discrete gradient of qTh has been given in [40], for example.124

It is quite direct using the fact that qTh is affine on each simplex of the diamond and using the gradient125

theorem.126

Next, we can define the discrete divergence operator divTh : L2(Dh) 7→ F(Th) that links back the127

diamond mesh to the Th mesh.128

Definition 2.2 (Discrete divergence operator divTh). The discrete divergence operator divTh is defined
as follows

∀K ∈ P, ∀ξD ∈ L2(Dh), divTh

K
(
ξD

)
=

1

|K|
∑

ν∈DK
ξD ·Nν ,

∀K∗ ∈ P∗, ∀ξD ∈ L2(Dh), divTh

K∗

(
ξD

)
=

1

|K∗|
∑

ν∗∈DK∗ ξ
D ·Nν∗ ,

(7)

where |·| corresponds to the measure of the control volume, andDK (orDK∗) to the diamonds associated129

to the K (or K∗) cell. For example, in our quadrangular mesh, for each inner control volume we have130

4 diamonds to account for.131
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Proof. The proof for (7) has also been given in [1, 40], for example, and relies on the application of132

the Green formula for the diffusion operator on each control volume.133

To properly define the quantities on ∂Ω and the discrete counterpart of the Green formula, we first134

need to define a discrete trace operator.135

Definition 2.3 (Discrete trace operator Trh). Let us denote by ∂Th the set of boundary interfaces.
Then the discrete trace operator Trh : P 1(Th) 7→ L2(∂Th) is defined as

Trh(q) =
1

2
qσ +

1

4

(
qσ∗

1
+ qσ∗

2

)
, (8)

where qσ is the value at the center of the boundary simplex, and qσ∗
1
and qσ∗

2
are the values at its136

vertices.137

Proof. We derive the proof as in [40]. The trace operator is defined as

Tr(q) =
1

|σ|

∫
σ

q(s)ds.

Thus, using the fact that q is affine on the simplex σ, we directly obtain formula (8).138

Furthermore, DDFV is a mimetic finite volume scheme where the discrete gradient (6) and the139

discrete divergence (7) are linked throughout a discrete Green formula [1, 40, 2].140

Definition 2.4 (Discrete Green formula). On the discrete mesh Th, we have the following duality
formula between the discrete gradient and divergence〈

divTh(ξD), ψ
〉
F(Th)×P 1(Th)

= −(ξD,∇hψ)L2(Th) + (ξD · n,Trhψ)L2(∂Th). (9)

Proof. For the interested reader, the proof is given in [1, 40], for example.141

2.3.2 The discrete advection operator142

Now, let us focus on the convection operator. A key challenge here is that we cannot directly use the143

discrete divergence divTh or the discrete gradient ∇h, as they do not map quantities within Th. To144

address this, we adopt an upwind standard finite volume strategy for the convection operator, while145

ensuring consistency with the DDFV scheme by working within the mesh Th.146

Definition 2.5 (Discrete advection operator ∇·(Vq)Th). The discrete advection operator maps quan-
tities from P 1(Th) to F(Th) and is defined as

∀T ∈ Th, ∇ · (Vq)Th

T =
1

|T |
∑
σ∈∂T

q(xσ)(V(xσ) ·Nσ), (10)

with xσ the point at the middle of the simplex σ ∈ ∂T .147

Proof. To obtain the discrete form of the operator, we start by integrating the convection term over a
control volume T ∈ Th and applying the divergence theorem, yielding∫

T
∇ · (Vq) =

∑
σ∈∂T

∫
σ

q(x)(V(x) · nσ)dx, (11)

where ∂T denotes the boundary of the control volume T , and nσ represents its outward normal.148

Finally, using the fact that q is affine on each simplex of Th we obtain the desired result (10).149

Nonetheless, the quantity q(xσ) is not defined in Th, thus, we need to approximate it using the150

DDFV unknowns. Since upwinding is required to account for the advection term [41] precisely, we use151

the following approximations.152
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Definition 2.6. Approximating q(xσ) For a first-order method, we approximate the value of q at the
interface using

q(xσi
) = q(xT ±), (12)

where q(xT ±) corresponds to the value at the center of the control volume T ± ∈ Th, where the
± denote the side of σ, which depends on the flux direction. However, to maintain second-order
accuracy, following the DDFV scheme, we employ the following second-order approximation:

q(xσi
) = q(xT ±) +∇Th

q(xT ±) · (xT ± − xσ), (13)

where ∇Th
is an appropriately defined gradient on Th. We can also derive a second-order accurate

scheme using the following approximation

q(xσi
) =

1

2
(q(x1σi

) + q(x2σi
)), (14)

with σi = [x1σi
, x2σi

]. Note that the latter directly uses the coupling between the primal and dual153

meshes. Furthermore, no conditions on the flux are needed.154

It shall be noted a different strategy has been proposed in [42] to account for the advection using155

DDFV unknowns. Even if the idea seems similar, they used the primal unknowns for the linear156

interpolation, which only works if the dual interfaces are continuous which is usually not the case with157

very distorted meshes.158

In the following, we only use the 2nd order schemes and will denote by DDFV and iDDFV the159

ones derived from (13) and (14), respectively.160

Proof. The result is direct considering Taylor expansions, as seen in [24] and the fact that we are using161

an upwind scheme. Indeed, in this case, if the flux, i.e., V · nσ, is of positive sign, then xT ± = xK (or162

x∗K), which is on the left side of σ, while xT ± = xL (or x∗L) in the case of a negative flux. Obtaining163

the approximation of equation (14) is also direct since q is affine on each simplex1.164

To introduce this gradient more intuitively, consider a quadrangular control volume T ∈ Th, illus-165

trated in Figure 3. The center of the cell, denoted by xT , may correspond to either a primal or dual166

volume, while its vertices correspond to the centers of the respective dual or primal cells. Using these167

four points, we define the discrete gradient as follows.168

xT

x∗T1

x∗T2
x∗T3

x∗T4

N[x∗
T2

x∗
T3

]

N[x∗
T4

x∗
T1

]

N[x∗
T3

x∗
T4

]N[x∗
T1

x∗
T2

]

Figure 3: Example of a control volume T with its center xT and its four dual centers denoted with a
∗ superscript.

1Note that if V is constant, we could also derive it directly from ∇ · (Vq) = V · ∇q and the approximation of the
gradient.
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Definition 2.7 (Discrete gradient ∇Th
). The discrete gradient ∇Th

: P 1(Th) 7→ F(Th) is defined by

∇Th
qTh =

1

|T |

4∑
i=1

q(x∗Ti
) + q(x∗Ti+1

)

2
N[x∗

Ti
x∗
Ti+1

], (15)

where Ti corresponds to the vertices of T , such that x∗T5
= x∗T1

ensures periodic indexing for our169

quadrangular grid, N[x∗
Ti

x∗
Ti+1

] is the outward normal to the segment [x∗Ti
x∗Ti+1

], and |T | denotes the170

measure of the control volume.171

Proof. The proof follows directly from the gradient theorem and that q is affine on each simplex of172

T ∈ Th.173

Furthermore, on the entire domain, this gradient can be efficiently computed using a loop over the174

diamonds, since for each diamond, we can directly evaluate one term of the sum in (15), with a sign175

difference, for all four points.176

2.3.3 DDFV scheme for the advection-diffusion-reaction equation177

Finally, using the discrete operators defined in sections 2.3.1 and 2.3.2, equation (1) can be rewritten
in discrete form as follows

∀K ∈ P, −divTh

K
(
µK∇hq

Th
)
+∇ ·

(
VqTh

)Th

K + γKq
Th

K = fK,

∀K∗ ∈ P∗, −divTh

K∗

(
µK∗∇hq

Th
)
+∇ ·

(
VqTh

)Th

K∗ + γK∗qTh

K∗ = fK∗ ,
(16)

with µK = 1
|K|

∫
K µ and µK∗ = 1

|K∗|
∫
K∗ µ the finite volume discretization of the term µ in K or K∗.

First, the discrete equations are derived using the second-order accurate approximation (13), leading
to

∀K ∈ P, −
∑

ν

(
µK∇hqK ·Nν + (Vν ·Nν) [qK +∇Th

qK · (xK − xν)]

)
+ γK|K|qK = |K|fK,

∀K∗ ∈ P∗, −
∑

ν∗

(
µK∗∇hqK∗ ·Nν∗ + (Vν∗ ·Nν∗) [qK∗ +∇Th

qK∗ · (xK∗ − xν∗)]

)
+ γK∗ |K∗|qK∗ = |K∗|fK∗ .

These discrete equations can then be rewritten as a linear system as

−Sdiffh qTh + Sadvh qTh + Sreach qTh = Mhf
Th , (17)

where Sih correspond to the stiffness matrices associated with each operator, Mh to the mass matrix,
and fTh to the vectorized source term. These three matrices are of the following form

Sdiffh =

[
Pdiff
P Pdiff

D

Ddiff
P Ddiff

D

]
, Sadvh = Vn

[
IP Padv

D

Dadv
P ID

]
, Sreach = ΓMh, (18)

where Vn corresponds to a diagonal matrix containing the coefficients Vν ·Nν for each line and Γ to
a diagonal with the γK coefficients. The terms P and D correspond to the primal or dual operations.
To efficiently construct the latter, a loop over the diamonds is performed. Furthermore, we can note
that this system is sparse and highly parallelizable. In the case of iDDFV, only Sadv

h is modified such
that

Sadvh = Vn

[
0 Padv

D

Dadv
P 0

]
. (19)

The last part that remains here is: how to handle the different boundary conditions. First, to
account for Dirichlet boundary conditions, we use, as for finite element methods [43, 44], a penalization
strategy which leads to the following new system to solve(

−Sdiffh + Sadvh + Sreach + ϵ−1Dpen
)
qTh = Mhf

Th + ϵ−1GD, (20)

with ϵ a very low value, typically around 10−10, Dpen a diagonal matrix with one where Dirichlet178

boundary conditions must be enforced and GD the vector of boundary values at these points. This179

allows us to handle them the same way for each operator. The Neumann or Robin boundary conditions180

are taken into account as follows: for the diffusion operator, they are handled seamlessly using the181

discrete Green formula (9), while for the advection operator Sadvh is modified at the boundary points182

by approximating their normal derivative.183
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Proposition 2.1 (Robin boundary condition for Sdiffh ). For the diffusion operator, accounting for the
Robin boundary condition leads to

(−Sdiffh + PR
h )q

Th = fTh +GR, (21)

where

∀σ ∈ ∂T R
h , ∀iσ, PR

h [iσ, iσ] =
1

2
β|σ|, PR

h [iσ, iσ∗
1
] =

1

4
β|σ|, PR

h [iσ, iσ∗
2
] =

1

4
β|σ|, (22)

and

∀σ ∈ ∂T R
h , ∀iσ, GR[iσ] =

1

2
gR(xσ)|σ|+

1

4

(
gR(xσ∗

1
) + gR(xσ∗

2
)
)
|σ|. (23)

Proof. Let us apply the discrete Green formula when only accounting for the diffusion part and as-
suming ∂Ω = ΓR. Indeed, this leads to

−
〈
divTh(µ∇hq), ψ

〉
F(Th)×P 1(Th)

= (µ∇hq,∇hψ)L2(Th) − (µ∂nq,Trhψ)L2(∂Th)

= (µ∇hq,∇hψ)L2(Th) − (gR,Trhψ)L2(∂Th) + (βq,Trhψ)L2(∂Th)

The result is obtained by identifying the first term as the diffusion operator Sdiffh and applying the184

discrete trace operator to the other two terms.185

Proposition 2.2 (Robin boundary condition for Sadvh ). For the advection operator, the matrix Sadvh

must be modified by calculating the terms on its iσ-line ∀σ ∈ ∂T R
h with

µ∇hq
Th · nσ + βqTh = gTh(xσ)

For example, in the case of a conventional orthogonal quadrangular grid along the boundary, accounting
for the Robin boundary condition can be reduced to modifying the matrix Sadvh as follows

∀σ ∈ ∂T R
h , ∀iσ, Sadvh [iσ, iσ] = − h

2|D|
µ+ β, Sadvh [iσ, iT ] =

h

2|D|
µ, (24)

where T is the control cell associated with the interface σ. Furthermore, we also must add the term186

GR[iσ] = g(xσ) to the source.187

Proof. The proof comes directly from the approximation of the normal gradient as ∇hq
Th · nσ, which188

leads to only one term on the boundary when a standard orthogonal quadrilateral mesh is used for the189

boundary. In other cases, we shall compute all the terms and modify the line accordingly.190

It shall be noted that, in both cases, Neumann boundary conditions are treated the same way by191

setting β = 0 and replacing GR with GN.192

2.3.4 An exponential fitting strategy for the advection-diffusion equation193

When numerically solving the advection-diffusion equation, in particular in an unsteady state, one194

can resort to an exponential fitting strategy [7, 8] that allows, using a change of variable, to study a195

diffusion equation in place of the advection-diffusion one. This has been widely studied in the case196

of finite element strategy [7, 8, 9] and, more recently, introduced for finite volume schemes [10]. This197

is particularly useful since, in this case, the coercivity of the operator only depends on the diffusion198

coefficient.199

Indeed, assuming that V = ∇ϕ, i.e., comes from a potential, and that γ = 0, for simplicity, we can
use the following change of variable

q(x, y) = ω(x, y)ρ(x, y),

with ω(x, y) = exp
(
−ϕ

µ

)
which leads to the following equation for ρ

−∇ · (µω∇ρ) = f, in Ω,
ρ = ω−1gD, on ΓD,

ωµ∂nρ+ (µ∂nω − ω(V · n)) ρ = gR, on ΓR.
(25)

8



The latter equation can be extended to γ ̸= 0 easily since it only adds a reaction term of the form γω.
The main advantage of this new equation is that we only have a diffusive term, which can be easily
accounted for with DDFV, and that we have a solution if (µω)∗ ≤ µω ≤ (µω)∗ almost everywhere,
with (µω)∗ ∈ R+

∗ and (µω)∗ ∈ R+
∗ . This leads to the following linear system to solve

∀K ∈ P, −
∑

ν µKωK∇hqK ·Nν + γK|K|qK = |K|fK,
∀K∗ ∈ P∗, −

∑
ν∗ µK∗ωK∗∇hqK∗ ·Nν∗ + γK∗ |K∗|qK∗ = |K∗|fK∗ .

The main difficulty here is that the associated matrix is generally ill-conditioned [10]. In addition,200

the term ωK = 1
K
∫
K ω(x, y) can have large variations over the domain and thus a good numerical201

quadrature is needed, such as a harmonic mean as in [10]. Furthermore, depending on the form of202

the equation, we shall adapt the exponential fitting, which can also introduce a reaction term. From203

hereafter, the scheme derived from this strategy will be called exponential fitted DDFV (expfitDDFV).204

2.3.5 Some results for the DDFV scheme205

Now that the DDFV scheme has been introduced, we show some useful results, particularly for the206

following numerical tests.207

For the advection-diffusion-reaction equation In this part, we assume that K = R and study208

the advection-diffusion-reaction equation (2) under the assumptions given in section 2.1.209

Therefore, the following problem is studied −∇ · (µ∇q) +∇ · (Vq) + γq = f, in Ω,
q = gD, on ΓD,

µ∂nq − (V · n)q = gR, on ΓR,
(26)

In this case, the DDFV scheme reads as solving the following system(
−Sdiffh + PR

h + ϵ−1Dpen + Sadvh − Sreach

)
qTh = Mhf

Th , (27)

Proposition 2.3. Problem (27) is well-posed and has a solution.210

Proof. In this case and with the assumptions of the introduction, proof that the DDFV scheme has a211

solution and converges has been given in [24], and in [45, 46] using a variational formulation.212

For the Helmholtz equation In this part, we assume that V = 0, µ = 1, and γ = −k2 ∈ C to
study the Helmholtz equation under the assumptions given in 2.1. Furthermore, mixed Dirichlet and
Robin boundary conditions are accounted for. This corresponds to the following equation

−∇ · (∇q)− k2q = f, in Ω
q = gD, on ΓD

∂nq = gN, on ΓN

∂nq − ikq = gR, on ΓR

(28)

with ∂Ω = ΓD ∪ ΓR and mes(ΓD) ̸= 0. We also assume that ℜ(k) ̸= 0 and ℑ(k) > 0. The DDFV
discretization leads to (

−Sdiffh + PR
h + ϵ−1Dpen − Sreach

)
qTh = Mhf

Th , (29)

using all the notations defined previously. The goal here is to show that the system is well-posed so213

that our set of equations admits a solution.214

Proposition 2.4. The problem (29) with gD = 0 and gR = 0 is well-posed and admits a solution.215

Proof. First, let us remark that the global matrix −Sdiffh +PR
h + ϵ−1Dpen−Sreach is symmetric since it is

the sum of symmetric or diagonal matrices. Second, let us prove that the resulting scheme is coercive.
Using the discrete Green formula (9) we obtain

(∇hq,∇hψ)L2(Th) − (ikq, ψ)L2(∂Th) − (k2q, ψ)L2(Th) = (f, ψ)L2(Th).

9



We denote by a(q, ψ) the bilinear form on the left side and by b(ψ) the continuous linear form on the
right side. The goal is thus to show that a(q, ψ) is coercive. To do so, we set Ψ = −ikq. Indeed, this
leads to

a(q,−ikq) = (ik̄∇hq,∇hq)L2(Th) + (|k|2q, q)L2(∂Th) − (ik|k|2q, q)L2(Th)

Finally, using ik̄ = ℑ(k)− iℜ(k) and ik = −ℑ(k) + iℜ(k) and taking the real part we get

ℜ(a(q,−ikq)) = (ℑ(k)∇hq,∇hq)L2(Th) + (|k|2q, q)L2(∂Th) + (ℑ(k)|k|2q, q)L2(Th)

≥
(
ℑ(k)min(1, |k|2) + C2|k|2

)
∥u∥L2(Th)

We can conclude that a is coercive since |k||a(q, q)| = |a(q,−ikq)| ≥ ℜ(a(q,−ikq)). Therefore, this216

concludes the proof since the system matrix is symmetric and a is coercive [16]. For more general217

results on the coercivity of the sequilinear form a(·, ·), we refer the readers to [47, 48, 49], where the218

proof is performed in general using Gȧrding’s lemma or Fredholm’s alternative.219

Furthermore, if non-homogeneous boundary conditions are accounted for, we can derive the same220

results by changing variables.221

3 Numerical tests222

This section is devoted to numerical tests that validate the DDFV scheme to solve problems (26)
and (28). Furthermore, we also compare the different strategies introduced to solve the advection-
diffusion-reaction equation (26) in terms of accuracy. To validate their expected behaviors, we study
the following three approximation errors

Emax(q
Th) =

maxx∈Th
(|qex(x)− qTh(x)|)

maxx∈Th
(|qex(x)|)

,

E1(q
Th) =

∥qex − qTh∥1
∥qex∥1

,

E2(q
Th) =

∥qex − qTh∥2
∥qex∥2

.

(30)

In each case, we will study the convergence with the mesh size h = min(hy, hy) over a conventional
Nx ×Ny Cartesian quadrangular mesh, and a randomly distorted one [50]. The latter is constructed
as follows. From a conventional Cartesian mesh, we randomly move each point inside the domain
according to

∀(i, j) ∈ [1, Nx]× [1, Ny], xij = xij + σhx(Rx − 0.5)

yij = yij + σhy(Ry − 0.5),
(31)

where σ is the distortion factor. We will use σ = 0.5 in all the numerical examples corresponding to223

a highly distorted mesh. In Figures 4 (a) and (b), we give an example of a Cartesian mesh with its224

distorted counterpart, respectively.225

In the case of the advection-diffusion-reaction equation, the three schemes DDFV, iDDFV, and the226

exponential fitted DDFV (denoted as expfitDDFV) will also be compared in terms of conditioning.227

In addition, the Python codes used for all the tests are available at the following link: https:228

//github.com/thobonensta/mDDFV. We are currently developing a Fortran-based version of the code229

using the Hypre LLNL library [51].230

3.1 Solving equation (26) with DDFV231

3.1.1 Homogeneous Dirichlet boundary conditions232

In this case, we solve (26) in the computational domain Ω = [0, 1] × [0, 1]. We set µ = 1, V = [2, 1]
and γ = 1. Furthermore, the source term and the boundary conditions are computed so that

qex(x, y) = x(x− 1)y(y − 1), (32)

is the exact solution of (26). On the boundary, we have ΓR = ∅ and ΓD = ∂Ω such that gD = 0. The233

parameters are chosen so that the diffusion and advection coefficients are of the same order.234
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(a) Cartesian grid 16× 16 (b) Distorted mesh

Figure 4: Example of a Cartesian quadrangular grid and its distorted counterpart.

In Figures 5 (a) and (b), we plot qTh and qex(xTh
) for a Cartesian grid with 128 × 128 points,235

respectively. Then, in Figure 6, we plot the error convergence for E2 with h on the conventional and236

distorted meshes for DDFV, iDDFV, and expfitDDFV. In the legend, α denotes the computed rate237

of convergence. We also report all the different errors for the different meshes in Table 1 when the238

standard DDFV scheme is applied, in Table 2 for iDDFV, and Table 3 when the exponential fitting239

technique is applied. Finally, in Table 4, we report the different condition numbers for different step240

sizes for the three methods.241

(a) qTh computed with DDFV. (b) Projection of the exact solution qex in Th

Figure 5: Evolution of qTh and qex over the domain Ω when a 128× 128 cells mesh is considered in the
case of homogeneous Dirichlet boundary conditions.

This test shows that the three methods are working well. Indeed, we obtain the same accuracy242

with DDFV, iDDFV, and expfitDDFV as expected. Furthermore, the convergence is of order 2 for all243

the methods, corresponding to the super-convergence order usually exhibited by DDFV [16]. It shall244

be noted that the exponential fitted strategy is computationally less intensive and easier to implement245

at the cost of a highly ill-conditioned matrix, see Table 4, compared to DDFV and iDDFV.246
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Figure 6: Evolution of the l2 error with respect to h in a LogLog scale. The star and dot marker
correspond to the conventional and distorted mesh, while the plain, dotted, and dashed lines correspond
to the standard, iDDFV, and expfitDDFV, respectively.

Cartesian grid Distorted grid
Nx ×Ny E1 E2 E∞ E1 E2 E∞
16× 16 4.7× 10−3 5.4× 10−3 3.7× 10−3 5.3× 10−3 5.5× 10−3 5.7× 10−3

32× 32 1.5× 10−3 1.4× 10−3 1.0× 10−3 1.5× 10−3 1.5× 10−3 1.7× 10−3

64× 64 3.2× 10−4 3.6× 10−4 2.4× 10−4 3.6× 10−4 3.8× 10−4 4.4× 10−4

128× 128 8.1× 10−5 9.1× 10−5 6.1× 10−5 8.9× 10−5 9.3× 10−5 1.3× 10−4

Table 1: Evolution of E1, E2, and E∞ over the number of unknowns when considering a Cartesian or
distorted grid when homogeneous Dirichlet boundary conditions are considered for the DDFV scheme.

Cartesian grid Distorted grid
Nx ×Ny E1 E2 E∞ E1 E2 E∞
16× 16 5.5× 10−3 6.1× 10−3 4.0× 10−3 6.2× 10−3 6.2× 10−3 7.2× 10−3

32× 32 1.4× 10−3 1.5× 10−3 1.0× 10−3 1.7× 10−3 1.6× 10−3 2.0× 10−3

64× 64 3.4× 10−4 3.8× 10−4 2.5× 10−4 3.9× 10−4 4.1× 10−4 5.3× 10−4

128× 128 8.5× 10−5 9.5× 10−5 6.3× 10−5 9.7× 10−5 1.0× 10−4 1.3× 10−4

Table 2: Evolution of E1, E2, and E∞ over the number of unknowns when considering a Cartesian or
distorted grid when homogeneous Dirichlet boundary conditions are considered for the iDDFV scheme.

Cartesian grid Distorted grid
Nx ×Ny E1 E2 E∞ E1 E2 E∞
16× 16 5.6× 10−3 6.3× 10−3 7.3× 10−3 6.0× 10−3 6.6× 10−3 9.9× 10−3

32× 32 1.4× 10−3 1.6× 10−3 1.9× 10−3 1.6× 10−3 1.7× 10−3 1.9× 10−3

64× 64 3.6× 10−4 4.0× 10−4 4.8× 10−4 3.9× 10−4 4.1× 10−4 7.0× 10−4

128× 128 9.1× 10−5 1.0× 10−4 1.2× 10−4 1.0× 10−4 1.0× 10−4 1.8× 10−4

Table 3: Evolution of E1, E2, and E∞ over the number of unknowns when considering a Cartesian or
distorted grid when homogeneous Dirichlet boundary conditions are considered for the expfitDDFV
scheme.

DDFV iDDFV expfitDDFV
16× 16 3.4× 103 3.3× 103 32.8× 103

32× 32 12.3× 103 11.9× 103 106.1× 103

64× 64 45.5× 103 45.2× 103 381.1× 103

Table 4: Evolution of the condition number of the matrix associated with each method with the grid
size.
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3.1.2 Non-homogeneous Dirichlet boundary conditions247

In this case, we solve (26) in the computational domain Ω = [0, 1]×[0, 1]. Here, we set µ = 5, V = [1, 1]
and γ = 1. Furthermore, the source term and the boundary conditions are computed so that

qex(x, y) = x cos(x) + y sin(y) + 1 (33)

is the exact solution of (26).248

First, let us study the case where only Dirichlet boundary conditions are accounted for, so that249

∂Ω = ΓD and ΓR = ∅, and gD calculated so that qex is the exact solution.250

In Figures 7 (a) and (b), we plot qTh and qex(xTh
) for a Cartesian grid with 128 × 128 points,251

respectively. Then, in Figure 8, we plot the error convergence for E2 with h on the conventional and252

distorted meshes. In the legend, α denotes the computed rate of convergence. We also report all the253

different errors for the different meshes in Table 5 when the standard DDFV scheme is applied, in254

Table 7 for iDDFV, and in Table 6 when the exponential fitting technique is applied.255

(a) qTh computed with DDFV. (b) Projection of the exact solution qex in Th

Figure 7: Evolution of qTh and qex over the domain Ω when a 128× 128 cells mesh is considered.

Figure 8: Evolution of the l2 error with respect to h in a LogLog scale. The star and dot marker
correspond to the conventional and distorted mesh, while the plain and dashed lines correspond to the
standard and exponential fit DDFV, respectively.

In this case, the proposed methods (DDFV and iDDFV) work well. Indeed, the error is low, and256

we observe a second-order convergence, even when a highly distorted mesh is considered. In addition,257

errors are of the same level for the conventional and distorted mesh, showing that the methods are quite258
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Cartesian grid Distorted grid
Nx ×Ny E1 E2 E∞ E1 E2 E∞
16× 16 3.4× 10−4 1.8× 10−4 4.1× 10−4 3.3× 10−4 2.2× 10−4 6.7× 10−4

32× 32 9.6× 10−5 4.5× 10−5 1.1× 10−4 1.3× 10−4 4.7× 10−5 3.2× 10−4

64× 64 2.5× 10−5 1.1× 10−5 2.8× 10−5 6.0× 10−5 1.6× 10−5 2.1× 10−4

128× 128 6.6× 10−6 2.9× 10−6 7× 10−6 3.1× 10−5 4.7× 10−6 9.9× 10−5

Table 5: Evolution of E1, E2, and E∞ over the number of unknowns when considering a Cartesian or
distorted grid when Dirichlet boundary conditions are considered for the DDFV scheme.

Cartesian grid Distorted grid
Nx ×Ny E1 E2 E∞ E1 E2 E∞
16× 16 3.4× 10−4 1.8× 10−4 4.1× 10−4 4.0× 10−4 2.0× 10−4 5.8× 10−4

32× 32 9.6× 10−5 4.6× 10−5 1.1× 10−4 9.9× 10−5 4.9× 10−5 1.5× 10−4

64× 64 2.6× 10−5 1.2× 10−5 2.7× 10−5 2.7× 10−5 1.2× 10−5 4.7× 10−5

128× 128 6.6× 10−6 2.9× 10−6 6.8× 10−6 6.9× 10−6 2.9× 10−6 1.2× 10−5

Table 6: Evolution of E1, E2, and E∞ over the number of unknowns when considering a Cartesian
or distorted grid when Dirichlet boundary conditions are considered, when the exponential fitting is
applied.

Cartesian grid Distorted grid
Nx ×Ny E1 E2 E∞ E1 E2 E∞
16× 16 3.5× 10−4 1.9× 10−4 5.6× 10−4 3.4× 10−4 1.8× 10−4 4.1× 10−4

32× 32 9.7× 10−5 4.9× 10−5 1.6× 10−4 9.6× 10−5 4.7× 10−5 1.1× 10−4

64× 64 2.5× 10−5 1.2× 10−5 4.9× 10−5 2.5× 10−5 1.2× 10−5 2.8× 10−5

128× 128 6.6× 10−6 3.0× 10−6 1.3× 10−5 6.6× 10−6 2.9× 10−6 7.0× 10−6

Table 7: Evolution of E1, E2, and E∞ over the number of unknowns when considering a Cartesian or
distorted grid when Dirichlet boundary conditions are considered for the iDDFV scheme.
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stable to the mesh configuration. Furthermore, the convergence result was expected in this case, since259

in general DDFV exhibits a super convergence of order 2 [16], even if error estimates show an O(h)260

order [24]. In addition, we obtain similar results with the exponential fitting procedure, as expected.261

Nonetheless, the latter allows us to avoid implementing the advection operator matrix, leading to a262

better computation time and space complexity. We can also remark that the exponential fitting DDFV263

scheme is slightly more stable with the distorted mesh. Nonetheless, as a reminder from the previous264

test, the matrix associated with expfit DDFV is ill-conditioned compared to the other two.265

To conclude this test, we conduct a numerical experiment on the robustness of the method with266

the advection coefficient. Indeed, one of the main difficulty is the convection dominated case. To do267

so, we set the diffusion and reaction coefficients to µ = γ = 1, we use the 32× 32 mesh. Furthermore,268

as before, we consider either a conventional Cartesian mesh or its distorted version. Therefore, for269

different particle velocities we report the results in terms of the different errors in Table 8. To make it270

more readable and easily compare the three methods, we obly report the E2 error.271

Cartesian grid Distorted grid
V DDFV iDDFV expfitDDFV DDFV iDDFV expfitDDFV

[1, 1] 1.9× 10−4 4.6× 10−5 5.7× 10−5 1.7× 10−4 4.8× 10−5 5.8× 10−5

[10, 10] 1.2× 10−2 4.5× 10−5 1.1× 10−3 1.7× 10−2 4.7× 10−5 1.1× 10−3

[100, 100] 8.3× 10−2 1.2× 6.0× 10−5 - - 6.8× 10−5 -
[1000, 1000] - 4.8× 10−4 - - 5.0× 10−4 -

Table 8: Evolution of E2 with V when considering a Cartesian or distorted grid and the three different
methods. The ’-’ means the method failed to give an accurate result.

From this table we can conclude that the iDDFV scheme is robust to the advection coefficient, while272

the other struggle with convection dominant case. For the expfitDDFV, we think that it is mostly due273

to the exponential change of variable boundary conditions. In addition, the error of DDFV is in line,274

with the one obtained in [24]. The advantage of the interpolation, i.e., iDDFV, might comes from the275

fact that we approximate to high order the quantity of interest on the interface directly.276

In conclusion, we recommend to use the iDDFV strategy over DDFV or the expfitDDFV since it277

can be used in any setup.278

3.1.3 The mixed boundaries case279

Thirdly, let us study the case where mixed boundary conditions are accounted for. The parameters280

and the exact solution remain the same as in the previous test. Nonetheless, here, we consider Robin281

boundary condition, i.e. ΓR, on the left of the domain and Dirichlet boundary conditions, i.e. ΓD,282

on the rest of the border. As before, we analyze the behavior of DDFV for the three errors defined283

in (30). For h decreasing, we report the different errors in the Cartesian or distorted grid case in284

Table 9 for the standard DDFV scheme, in Table 11 for iDDFV, and in Table 10 for its exponential285

fitted counterpart. In Figure 9, we also plot the convergence of E2(h).286

Cartesian grid Distorted grid
Nx ×Ny E1 E2 E∞ E1 E2 E∞
16× 16 6.5× 10−4 8.6× 10−4 1.9× 10−3 6.6× 10−4 8.6× 10−4 1.9× 10−3

32× 32 2.6× 10−4 3.4× 10−4 7.8× 10−4 2.5× 10−4 3.3× 10−4 7.5× 10−4

64× 64 1.1× 10−4 1.5× 10−4 3.5× 10−4 1.2× 10−4 1.5× 10−4 3.5× 10−4

128× 128 5.4× 10−5 7.2× 10−5 1.6× 10−4 5.3× 10−5 7.1× 10−5 1.6× 10−4

Table 9: Evolution of E1, E2, and E∞ over the number of unknowns when considering a Cartesian or
distorted grid in the case of mixed boundary conditions for the standard DDFV scheme.

Here, we observe a convergence of order 1 numerically, which corresponds to the error estimate287

of DDFV [2, 3, 24]. This could be due to the approximation of the integral on the boundary for the288

Robin boundary condition. Nonetheless, as before, we can see that the methods work well even when a289

highly distorted mesh is considered. Furthermore, here we can see that the exponential fitted strategy290

is better in terms of accuracy, which is normal since we approximate the Robin boundary condition291
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Cartesian grid Distorted grid
Nx ×Ny E1 E2 E∞ E1 E2 E∞
16× 16 4× 10−4 4.5× 10−4 7.5× 10−4 4.5× 10−4 4.5× 10−4 8.1× 10−4

32× 32 1.3× 10−4 1.8× 10−4 3.3× 10−4 1.4× 10−4 1.7× 10−4 3.6× 10−4

64× 64 5.6× 10−5 7.3× 10−5 1.6× 10−4 5.8× 10−5 7.3× 10−5 1.6× 10−4

128× 128 2.6× 10−5 3.4× 10−5 7.6× 10−5 2.6× 10−5 3.5× 10−5 7.9× 10−5

Table 10: Evolution of E1, E2, and E∞ over the number of unknowns when considering a Cartesian
or distorted grid in the case of mixed boundary conditions for the expfitDDFV scheme.

Cartesian grid Distorted grid
Nx ×Ny E1 E2 E∞ E1 E2 E∞
16× 16 6.4× 10−4 8.3× 10−4 1.8× 10−3 6.6× 10−4 8.7× 10−4 1.9× 10−3

32× 32 2.6× 10−4 3.4× 10−4 7.8× 10−4 2.6× 10−4 3.5× 10−4 7.9× 10−4

64× 64 1.2× 10−4 1.6× 10−4 3.6× 10−4 1.2× 10−4 1.6× 10−4 3.5× 10−4

128× 128 5.4× 10−5 7.2× 10−5 1.6× 10−4 5.6× 10−5 7.4× 10−5 1.6× 10−4

Table 11: Evolution of E1, E2, and E∞ over the number of unknowns when considering a Cartesian
or distorted grid in the case of mixed boundary conditions for the iDDFV scheme.

Figure 9: Plot of E2(h) in a LogLog scale for the mixed boundary conditions case. The same legend
as in Figure 8 is used here.
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once here, for the diffusion operator, while we need to approximate it twice for the DDFV schemes,292

i.e., for the diffusion and the advection operators.293

In conclusion, these tests have shown that the DDFV scheme works well for the advection-diffusion-294

reaction equation with mixed boundary conditions (26).295

3.2 Solving Helmholtz equation (28) with DDFV296

Here, we study the Helmholtz equation (28). For all the tests, we set k = 2π/λ, with λ = c/f and297

f = 300 MHz. As before, the numerical experiments are here to validate the behavior of DDFV in298

this case.299

3.2.1 The Dirichlet boundary case300

Here, we consider solely Dirichlet boundaries so that ∂Ω = ΓD. Furthermore, equation (28) is solved
in the domain Ω = [0, 0.4]× [0, 3.2], and the source term as well as the boundary term are calculated
so that

qex(x, y) = sin

(
2π

x

xmax

)
sin

(
2π

y

ymax

)
is the exact solution. This corresponds to accounting for a homogeneous Dirichlet boundary condition.301

First, in Figure 10 (a), we plot qTh obtained with DDFV when a mesh with 128 × 128 elements is302

considered. In Figure 10 (b), the absolute difference with qex is provided in this case.303

(a) qTh in Ω computed with DDFV. (b) Absolute difference |qex(Th)− qTh |

Figure 10: Plot of the electric field computed in Ω with DDFV and of the absolute difference with the
exact solution. Here a 128× 128 control volumes mesh is used.

Here, we can see that the overall variations as well as the Dirichlet boundary conditions are well304

taken into account. Furthermore, the error absolute difference is relatively low.305

Second, to better observe the behavior of DDFV in this case, we plot the convergence of E2 with306

h in Figure 11. In this case, the two lines correspond to the conventional or distorted mesh, while α307

in the legend is the numerical convergence rate.308

We also report in Table 12 the variation of the three measured errors with increasing control309

volumes when either the Cartesian mesh or its distorted counterpart is considered.310

From Figure 11 and Table 12, we observe a convergence of order 2, as expected from the literature311

and the previous tests. In addition, even on the distorted mesh, the error is of the same order as on312

the conventional mesh, showing the robustness of the method to the mesh. This test thus shows that313

the method works well to solve the Helmholtz equation with Dirichlet boundary conditions.314

3.2.2 Accounting for an absorbing boundary condition315

Now, we consider the case of mixed boundary conditions. To be more precise, in this case, one can316

consider q as the total field, i.e., the sum of the incident and scattered fields. Moreover, we consider317
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Figure 11: Plot of E2(h) in a LogLog scale. The star and dot marker correspond to the conventional
and distorted mesh.

Cartesian grid Distorted grid
Nx ×Ny E1 E2 E∞ E1 E2 E∞
16× 16 1.5× 10−2 1.5× 10−2 1.5× 10−2 3.8× 10−2 2.5× 10−2 5.5× 10−2

32× 32 3.8× 10−3 3.8× 10−3 3.8× 10−3 7.4× 10−3 4.9× 10−3 1.2× 10−2

64× 64 9.5× 10−4 9.5× 10−4 9.5× 10−4 2.3× 10−3 1.3× 10−3 3.6× 10−3

128× 128 2.4× 10−4 2.4× 10−4 2.4× 10−4 5.8× 10−4 3.5× 10−4 1.3× 10−3

Table 12: Evolution of E1, E2, and E∞ over the number of unknowns when considering a Cartesian
or distorted grid in the case of Dirichlet boundaries.

the incident field to be a plane wave of amplitude 1 coming from an angle θi. This leads to the interior318

problem, and the Robin boundary condition allows us to approximate the Sommerfeld condition and319

to account easily for the incident plane wave. Thus, this problem is widely studied in the literature [6]320

since it is useful for many applications.321

In particular, here we consider a plane wave coming from θi = 0◦. The computation domain is
Ω = [0, 1]× [0, 1]. Furthermore, an absorbing boundary condition is accounted for on the right side of
the domain with

gR(1, y) = i(k − ki · n) exp (−iki · x) ,

where n is the exterior normal, ki = [−k cos(θi),−k sin(θi)] the incident wave vector, and x the position322

in Ω. The upper and lower boundaries are considered to be homogeneous Neumann conditions, while323

the left one is a homogeneous Dirichlet condition, which models a perfect electric conductor. In this324

case, the exact solution is the sum of the incident plane wave and its reflection.325

The absolute value of the solution qTh computed with DDFV is plotted in Figure 12 (a). Indeed,326

here we obtain a solution q ∈ C. In addition, as for the previous test case, we plot the absolute327

difference with the exact solution in Figure 12 (b).328

As before, one can see that DDFV works well in this case. Indeed, we can see that the total329

field computed respects the behavior of the exact solution, with sinusoidal variations, as expected.330

Furthermore, the absolute difference is low, and the error is mainly distributed on the absorbing331

boundary condition.332

To better observe the behavior of DDFV, we plot the evolution of E2 with h in Figure 13. In333

the latter, the star and circle marker correspond to a Cartesian mesh or its distorted counterpart. In334

addition, we report in Table 13 the different errors (30) for the different studied cases.335

As for the previous test case, i.e., with only Dirichlet conditions, we observe second-order conver-336

gence, even on the distorted mesh. Furthermore, the errors in the conventional and distorted mesh are337

quite close, again showing the method’s robustness with the mesh distribution. We can thus conclude338

that DDFV performs well in this case, and can hence be used to solve the Helmholtz equation and to339

study electromagnetic problems.340
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(a) |qTh | in Ω computed with DDFV. (b) Absolute difference with the exact solution

Figure 12: Electric field computed with DDFV, i.e. qTh and absolute difference with the exact solution.
As before, a 128× 128 control volume mesh is used for this plot.

Figure 13: Plot of E2(h) in a LogLog scale for the mixed boundary conditions case. The same legend
as in Figure 11 is used here.

Cartesian grid Distorted grid
Nx ×Ny E1 E2 E∞ E1 E2 E∞
16× 16 5.0× 10−2 4.7× 10−2 4.1× 10−2 5.9× 10−2 5.4× 10−2 5.3× 10−2

32× 32 1.2× 10−2 1.2× 10−2 1.0× 10−2 1.4× 10−2 1.3× 10−2 1.3× 10−2

64× 64 3.1× 10−3 2.9× 10−3 2.5× 10−3 3.5× 10−3 3.2× 10−3 4.1× 10−3

128× 128 7.8× 10−4 7.3× 10−4 6.3× 10−4 8.8× 10−4 7.9× 10−4 1.1× 10−3

Table 13: Evolution of E1, E2, and E∞ over the number of unknowns when considering a Cartesian
or distorted grid in the case of mixed boundary conditions.
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4 Conclusion341

In this paper, we proposed a self-consistent DDFVmethod to solve the steady-state advection-diffusion-342

reaction equation with mixed boundary conditions. In particular, we proposed two different strate-343

gies to handle the advection term in DDFV. We also presented and compared our approach to an344

exponential-fitted DDFV scheme.345

We first extended the approach of [24] by incorporating a reaction term and handling mixed bound-346

ary conditions, and also proposed another way to handle the advection term using the primal/dual347

mesh. A key novelty of our work is that we did not restrict ourselves to real-valued solutions, allowing us348

to address the Helmholtz equation as well. This led to a discrete formulation of the advection-diffusion-349

reaction equation on the primal/dual mesh of DDFV. We established the existence of a solution in350

two relevant cases. We have also shown that the traditional tools of finite elements can be used with351

DDFV, facilitating the implementation of absorbing and Neumann boundary conditions. Moreover,352

unlike traditional finite volume methods, DDFV imposes no constraints on the mesh structure, making353

it particularly suited for complex geometries.354

To validate the method, we performed an in-depth numerical analysis on two important problems:355

the advection-diffusion-reaction equation with mixed boundary conditions, relevant in plasma model-356

ing, and the Helmholtz equation with absorbing boundary conditions, used to describe scattered fields.357

The results confirmed that the method generally achieves second-order superconvergence and remains358

stable even on highly distorted meshes. For the advection-diffusion-reaction equation, the observed359

O(h) error is consistent with theoretical predictions [24] and could also be explained by the approxi-360

mation of the boundary integrals. In addition, we tested the robustness of the proposed approaches for361

different advection coefficient and have shown that it seems best to use the proposed iDDFV scheme362

in general since it performs well even in convection dominated regime.363

This generalization of DDFV significantly broadens its potential applications in electromagnetic. It364

provides an alternative to the finite element method for modeling scattered fields, particularly in cases365

involving thin layers, where finite volume schemes offer a natural way to handle jump conditions [2, 5].366

Additionally, we are currently exploring its use in tunnel propagation problems, where the parabolic367

wave equation is traditionally solved using finite differences [52, 53]. The flexibility of DDFV makes368

it particularly well-suited for handling complex structures in such scenarios.369

Moving forward, our main focus is to extend the method to unsteady problems, particularly for370

solving the drift-diffusion model [11] used in cold plasma modeling.371
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