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A Wavelet Frames Based Split-Step Method to
Model the Tropospheric Long-Range Propagation

Thomas Bonnafont, Member, IEEE,

Abstract—Rapid and accurate methods for modeling long-
range propagation in the troposphere are of major interest
for various applications, including communication, navigation,
surveillance, and observation. In this case, the parabolic wave
equation model is widely used and commonly solved using
split-step methods. In particular, the recent split-step wavelet
method has shown promising results in terms of time and
memory efficiency. Nonetheless, using a wavelet basis renders the
propagation step tricky since the translation invariance property
is lost. In this paper, we propose to use wavelet frames in place of
the wavelet basis to recover the translation invariance property.
This leads to a direct and efficient implementation of the method
in the wavelet domain, which can be easily passed on to a GPU.
Furthermore, we show that it comes at almost no cost in time
or memory efficiency. Numerical experiments are performed to
validate the method and highlight its advantages.

Index Terms—Electromagnetic propagation, parabolic wave
equation, refraction, split-step method, wavelet, frames

I. INTRODUCTION

FAST numerical methods to model the long-range propa-
gation are necessary to study or optimize the performance

of systems, such as radar. In this context, we usually rely on
asymptotic methods. Indeed, at the cost of some assumptions,
they allow for efficient simulations.

In particular, the parabolic wave equation (PWE) model [1]–
[4] is widely used to compute the tropospheric long-range
propagation. The latter is a reduced form of the Helmholtz
equation where only the forward propagation is accounted
for, leading to the possibility of using a wider grid size in
the propagation direction [2]. The PWE can be solved using
finite difference (FD) schemes [5], [6] or split-step schemes,
such as split-step Fourier (SSF) [7]–[9]. Nonetheless, for very
large scenarios, SSF is more efficient since the grid size can
be larger than the one used in FD schemes [10].

Even if SSF is efficient, it becomes untractable for very
large 2D or 3D scenarios. Therefore, wavelet-based split-step
(SSW) methods1 [11]–[16] have been proposed to overcome
this problem by using the lower complexity and the sparse
representation allowed by the wavelet transform [17]. Indeed,
these methods follow the step of SSF, but the free-space prop-
agation is performed in the wavelet domain, leading to lower
overall complexity in time and space [14], [15]. Furthermore,
a version of SSW fully in the wavelet domain (wSSW) has
been proposed [18] to further reduce its computation time.
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1In particular, in [11], [12], Douvenot et al. proposed an open source version

of split-step wavelet.

For free-space propagation, wSSW [18] is thus very efficient
in computation time. Nonetheless, all the operators need to be
adapted to the wavelet basis, where the translation invariance
property is not preserved. This leads to going back in the spa-
tial domain for the ground, increasing the size of the wavelet
scattering operator, and increasing the error due to the wavelet
phase screen operator. In addition, at each propagation step,
each coefficient level needs to be treated differently, which
makes this method unattractive for GPU implementation.

In image processing, to avoid the loss of the translation
property, wavelet frames are widely used [17], [19], [20].
Furthermore, in electromagnetic (EM), Gabor frames are also
utilized to model the propagation [21], [22], leading to efficient
representation of the EM field. In this work, to overcome
some limitations of SSW and wSSW, we introduce split-step
framelet (SSfW), a split-step method based on the wavelet
frames representation.

Here, the main idea of wSSW is preserved. Indeed, we re-
place the wavelet basis by frames and calculate the associated
scattering operator. Furthermore, using the Haar family, we
derive a direct wavelet local image method, i.e., the wavelet
counterpart of [14, Section 4.4]. Since frames preserve the
translation property, we can directly introduce the terrain
model in the wavelet domain. In addition, the refraction is
also accounted for in the wavelet domain, as in [18], but
without any loss. This leads to a split-step method fully in
the wavelet domain, with a complexity of the same order as
SSW or wSSW. The latter can also be easily implemented on
GPU. Finally, as for SSW [23], we can derive an a priori error
bound.

The remainder of the paper is organized as follows. Sec-
tion II presents the split-step framelet method. Section III is
devoted to the numerical simulations. They aim to validate the
method, and we also propose a case study. Finally, Section IV
concludes the paper and gives perspectives for future works.

II. THE SPLIT-STEP FRAMELET METHOD

A. A quick reminder on the parabolic wave equation
Throughout this paper, we assume an exp(jωt), with ω

the angular frequency, time variation, and that the refractive
index, denoted by n, is slowly varying with the propagation
direction. In addition, we work in the Cartesian coordinate
system (x, z) with x the propagation axis and z the altitude.
Furthermore, the considered domain is [0, xmax] × [0, zmax]
since the field at x = 0 is assumed to be known and only the
above-ground propagation is of interest. Thus, the considered
source is located at xs ≤ 0 and zs ≥ 0.

In the context of long-range propagation, one widely used
model is the wide-angle parabolic wave equation (PWE) [2].
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The latter is a reduced form of the Helmholtz equation, where
only the forward propagation is accounted for, and corresponds
to

∂u

∂x
= −jk0

(√
∂2

∂z2
+ k20 − k0

)
u− jk0(n− 1)u, (1)

with k0 the free-space wave number, and u the reduced
field [2], [8]. It shall be noted that equation (1) is only true
in a paraxial cone of 45◦ around the propagation direction
x since the wide-angle approximation has been chosen. It
shall be noted that in general with the PWE we use the
modified refractivity M = 106(n−1)+106 z

Re
, in M-units, that

accounts for the earth flattening transformation. Nonetheless,
here we choose to keep the notation n throughout the paper
for readability.

For obvious numerical reasons, we need to discretize the
domain to solve equation (1). This discretization is performed
with steps ∆x and ∆z leading to Nx = xmax/∆x and Nz =
zmax/∆z points over each axis. Thus we denote by u[px, pz]
the discrete reduced field at (px, pz) and by ux[·] it semi-
discretized version over the z-axis.

B. Brief introduction on wavelet frames

Since they are at the core of the proposed method, this
section is devoted to a rapid introduction to wavelet frames
and their useful properties.

Frames are a generalization of a basis where the elements
are not necessarily linearly independent, i.e., we have a redun-
dant representation. In more details, a countable family (χp)p
is said to be a frame if

A∥u∥2 ≤
∑
p

⟨u, χp⟩ ≤ B∥u∥2, (2)

with 0 < A ≤ B and ⟨·, ·⟩ the associated scalar product.
This implies a normalization of a factor 2L in the transform.
Here , we only use energy-conservative tight-frame, leading
to A = B = 1. In addition, we only consider wavelets for the
family χp. To obtain the wavelet coefficient in a frame, we
can use the stationary wavelet transform (SWT), which has
a complexity greater than the fast wavelet transform (FWT),
i.e., O(N log(N)) instead of O(N). Nonetheless, the SWT
can easily be implemented on GPU.

Indeed, as for SSW, the idea is to use the highly sparse rep-
resentation allowed by the wavelet representation to accelerate
the method. For a complete introduction to wavelets, we refer
to [17], and for their use in computational electromagnetics
to [24]. In a few words, a wavelet family is constructed by
dilating, over L levels, and translating a mother wavelet, i.e.,
a zero-mean function. These dilations allow for covering the
spectrum until the lowest frequency. To account for this last
part, a scaling function, or father wavelet, which is not of
zero-mean, is added to the family.

Here, one can thus wonder: why not use wavelet basis as
in [14], [15], [18]? The main reason is that, contrary to
wavelet bases, with wavelet frames, the translation invariance
property is kept [17]. This has made them quite attractive in
image theory, for example. Here, this property seems also

of interest, since contrary to [18] it allows us to construct
directly the wavelet counterpart of all the operators, as will be
seen later on. Furthermore, it seems quite normal to consider
a transformation where the coefficients associated with a
translated version of the field are not different from the non-
translated one.

Finally, the wavelet frame transform over L levels of a field
u will be denoted from hereafter as U . Thus, we have U [l, p]
the coefficients at level l ∈ [0, L], with 0 corresponding to the
scaling function, and p ∈ [0, Nz − 1] the position.

C. Split-step framelet (SSfW)

This part is devoted to the introduction of the split-step
framelet (SSfW) method. Since Zhou et al. [14] have shown
that the wavelet family has almost no impact on the accuracy,
we choose here the Haar family. Indeed, the latter allows
for efficient theoretical calculations since, to the author’s
knowledge, that is the only discrete wavelet family for which
wavelet and scaling functions are antisymmetric and symmet-
ric. Nonetheless, most of the results can be generalized to other
families.

1) Overview of the method: As for SSW [14], [15], SSfW
is an iterative method that computes the field marching in on
distances over the x-axis. The main difference is that we do
not go back and forth between the wavelet and spatial domain,
but stay in the wavelet domain, as wSSW [18], to expedite the
calculations.

Therefore, the method works as follows. First, we compute
the wavelet coefficients associated with u0 as

U0 = CVsSwu0, (3)

where Sw is the stationary wavelet transform (SWT), and CVs

a hard threshold compression, with threshold Vs. Then, to
compute Ux+∆x from Ux, the following steps are performed:

1) To account for the ground, the wavelet local image
method, described in Sec. II-C3, is applied.

2) The coefficients are propagated considering a layer of
free space

U fs
x+∆x = PVp

Ux, (4)

where PVp
is the space wavelet-to-wavelet scattering op-

erator. This step is described in more detail in Sec. II-C2.
3) The effects of the refraction and terrain are accounted

for through a phase-screen, L, and relief, R, operators
as

Ux+∆x = RLU fs
x+∆x. (5)

Both are defined in Sec. II-C4.
4) Compression with hard threshold Vs is applied to only

keep the important information and reduce the compu-
tation time.

All these steps are performed until we reach xmax at which
point an inverse stationary wavelet transform is applied to
recover uxmax

. Therefore, even if the SWT has a larger
complexity than the FWT, it is only used 2 times here.
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2) Free space propagation in the wavelet domain: This
paragraph presents the frame counterpart of the wavelet basis
scattering operator introduced in [15]. Indeed, the main idea
is the same, we need to know how the wavelet propagates in
free space from x to x+∆x.

First, as proposed in [15], we construct a library of local
operators. To do so, we use SSF to propagate one wavelet,
denoted by χ0

l , of each level l ∈ [0, L] from x to x + ∆x
leading to χ∆x

l of size Nsupp. Then, we apply an SWT and a
compression with a hard threshold Vp to obtain the associated
propagated wavelet coefficients which leads to

PVp
[l] = CVp

Swχ
∆x
l . (6)

The main difference with [15] is that no spatial translations
of the wavelet need to be considered since in a wavelet frame
we are translation invariant. This leads to a reduction of the
size of the library to only L elements of size L×Nsupp, with
Nsupp the support size of the wavelet after propagation [15].
This library corresponds to the wavelet scattering operator.

Second, this operator is used to propagate each non-zero
coefficient of Ux from x to x+∆x. This step amounts to

Ufs
x+∆x[l

′] =
∑
l

Ux[l]⊗PVp
[l, l′], (7)

where ⊗ corresponds to the convolution. Note that a direct
convolution can be performed here, with the translation invari-
ance, whereas in SSW [15] translations are needed for certain
levels, i.e., all l > 1. This is an important difference, since it
allows for an efficient GPU implementation.

3) The wavelet local image method: For SSW, Zhou et
al. [14] have introduced the local image method to account
for ground with a limited amount of points. Here, we propose
a version of this method directly in the wavelet domain. In
a few words, using the filter bank of the Haar wavelets and
their symmetry and anti-symmetry properties, we can directly
calculate the image field wavelet coefficient from Ux. In Fig. 1,
we provide an illustration for the proposed wavelet local image
method.

Let Nim ≪ Nz be the number of points in the image layer,
and denote by U im

x the image field wavelet coefficients. The
latter is a matrix of size L× (Nz +Nim). Let us also denote
by Γ the Fresnel reflection coefficient. First, for all levels the
coefficient above Nim are

∀l ∈ [0, L],∀pz ∈ [0, Nz]U
im
x [l, Nim + pz] = Ux[l, pz], (8)

which correspond to the above-ground coefficients that are
thus unchanged. Second, for the maximum level l = L, the
below the ground coefficients correspond to

∀pz ∈ [0, Nim − 1], U im
x [l, pz] = −ΓUx[l, Nim − pz − 1].

Indeed, for the Haar system for level L the filter is antisym-
metric and given by hL = [−1/2, 1/2]. Then for any level
0 < l < L, first we compute the number of coefficients
that can not be directly calculated from the above the ground
coefficients

N0 = (2L−l − 1)× 2,

z
Ux

Nz

U im
x

Nim

General formula

Γ mirror

Propagate

U im
x+∆x Ux+∆x

Nz

x x x+∆x x+∆x

Fig. 1. Schematic representation of the wavelet local image method.

which correspond to the number of 0 in the associated filter.
Second, ∀pz ∈ [0, Nim−1−N0] the coefficients are computed
as

U im
x [l, pz] = −ΓUx[l, Nim − pz − 1−N0].

For the other coefficients, the following general formula can
be used ∀k ∈ [1, N0]

U im
x [l, Nim − k] = − Γ

2L−l−1

 N0−k−1∑
i=N0/2+1−k

i−1∑
j=0

Ux[L, j]

−
N0/2−k∑

i=1

i−1∑
j=0

Ux[L, j]

+

k∑
i=1

i−1∑
j=0

Ux[L, j].

Finally for l = 0, we get N0 = (2L − 1) × 2. Furthermore,
since the associated filter is symmetric we get ∀pz ∈ [0, Nim−
1−N0] the coefficients are computed as

U im
x [l, pz] = ΓUx[l, Nim − pz − 1−N0],

and the other coefficients are determined by ∀k ∈ [1, N0]

U im
x [l, Nim − k] = − Γ

2L−1

N0−k−1∑
i=1

i−1∑
j=0

Ux[L, j]

−
k∑

i=1

i−1∑
j=0

Ux[L, j].

In Appendix A we give a sketch of the proof and example
of the formula for L = 1, L = 2 and L = 3 for the inter-
ested readers. Furthermore to avoid discontinuity at the upper
boundary, the coefficient near Nz , i.e., ⌊N0/2⌋ coefficients,
shall be modified accordingly. The proposed wavelet local
image method can only be used for wavelet families for which
the filters are symmetric and/or anti-symmetric, thus only for
the Haar system. Indeed, otherwise, no direct formula can be
calculated, and a linear system must be solved, which would
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reduce the computation efficiency. Thus, for other families,
we recommend using the strategy of Zhou et al. [18] and
come back in the spatial domain on Nim points to account
for the ground, even if it reduces the computational time
efficiency. In addition, it can only be used for frames since
the transformation over a wavelet basis introduces decimation
of some coefficients at each level.

4) Accounting for the refraction and the terrain: Using
wavelet frames, accounting for the refraction is easy. Indeed,
contrary to [18] due to the redundancy of (χp)p and the
translation invariance, we can directly use the phase screen
operator [2], [8] defined as

L[pz, pz] = exp (−jk0(nx − 1)) . (9)

The latter is a diagonal matrix of size Nz × Nz that is then
multiplied by each level vector of coefficients to account for
the refraction at each step. One advantage is that frames allow
us to account for the refraction in the wavelet domain without
loss, whereas in [18] it introduces a decrease in accuracy.

Finally, to account for the terrain, we use a staircase
model [2] that represents the relief as a series of ascending
and descending rectangles. Therefore, this amounts to trans-
lations in the spatial domain, and since frames are translation
invariant, we can directly derive this model in the wavelet
domain. Note that to avoid any discontinuity near the edges
due to the 0-padding of translations, we wrap ⌊N0/2⌋ lower
coefficients at the top.

5) Error bound and complexity:
a) Error bound: We can use the results from [23] for

the error bound. Indeed, since wavelets are used, the same
theoretical calculations can be performed. Since tight frames
with A = B = 1 are used, we have a normalization factor
of 1/

√
2
L−1

for the transform. Therefore, it modified the
threshold introduced in [23] as follows

Vs =
δmax
Nx

2Nx

√
2
L−1

∥u0∥∞, and Vp =
δmax
Nx

2Nx

√
2
L−1

∥P∥max,

where δmax
Nx

is a chosen maximum level of accuracy at the last
iteration.

Now, let us derive the space, i.e., the amount of necessary
memory space with the input size, and time complexity ,
i.e., amounts of computation time with the input size, of
the proposed method to compare it to SSW [14], [15] and
wSSW [18]. Hereafter, we denote by Nw and NVp

the number
of non-zero coefficients after compression for the field and the
scattering operator in SSfW, while they are denoted by N∗

w and
N∗

Vp
for SSW and wSSW. In general, we have Nw ≥ Nw and

NVp
≥ N∗

Vp
, but high compression rates lead to Nw ∼ Nw

and NVp
∼ N∗

Vp
.

b) Comparison with SSW: First let us compare to
SSW [15]. For SSfW, we apply the stationary wavelet trans-
form only once, leading to a complexity of O(Nz log(Nz)).
At the same time, with SSW, we go back and forth in
the spatial and wavelet domains at each step, leading to a
complexity of O(Nx(Nz +Nim)). Considering the scattering
operator, for SSfW this step amounts to a time complex-
ity of O(LNsupp log(Nsupp)) while its spatial complexity is

O(LNVp
) where NVp

is the number of coefficients after com-
pression. For SSW, the time complexity is of the same order,
as the same strategy is used, which requires a propagation
step of SSF, the limiting part here. Nonetheless, in terms of
spatial complexity, the SSW operator requires O(LN∗

Vp
N l

t),
since translated versions of the field are needed due to the
wavelet basis dilations at each level [15]. For the propagation
step, the time complexity is of order O(NwNVp) for SSfW
and O(N∗

wN
∗
Vp
) for SSW. Thus, they are of the same order;

nonetheless, in terms of implementation, SSW requires trans-
lating and choosing the local operator [15] before performing
the convolution, which can lead to a slight advantage for
SSfW. Nonetheless, regarding spatial complexity, since the
method operates fully in the wavelet domain, only the wavelet
coefficients are saved, resulting in a spatial complexity of
O(Nw) for SSfW. In contrast, by returning to the spatial
domain at each step, the spatial complexity for propagation
with SSW is O(Nz).

c) Comparison with wSSW: Second, we compare to
wSSW [18]. In this case, the FWT is only applied once,
leading to a time complexity of O(Nz) for the transformation
step, thus wSSW has a slight advantage for the latter compared
to SSfW, but it becomes negligible for large propagation
domains. Considering the scattering operator, it is constructed
as a matrix [14], [18] without using the advantage of the small
support size of the wavelet, the time complexity associated
is thus O(LNz log(Nz)) with Nz ≫ Nsupp. In addition, the
propagators are saved in a sparse matrix of size Nz × Nz

with NzN
∗
Vp

-terms, leading to a higher spatial complexity of
O(LNzN

∗
Vp
) compared to SSfW. Nonetheless, the propagation

step amounts to a multiplication of a sparse vector with a
sparse matrix, which is thus O(N∗

wN
∗
Vp
), but in general more

computationally efficient than the local convolution performed
in SSW. Finally, to apply the local image method, with wSSW,
one shall go back in the spatial domain over 2Nim points
at each step, leading to an overall computational cost of
O(NxNim).

d) Summary on the spatial and time complexity: To
conclude, we propose to sum up the comparison between
SSfW, qnd SSW and wSSW in Table I. From this table we can
conclude that all methods have a similar complexity, except
that SSfW allows is slightly better in terms of memory usage.
In addition, we can clearly see that the computation time will
increase with L increasing. Furthermore, another advantage
of SSfW is that all the operations are directly implementable
on GPU, which can lead to a better advantage in terms
of computation time. Indeed, all the proposed operations
have GPU-efficient counterparts, while for SSW or wSSW it
would be more costly due to the translation needed for the
propagation step or to the high dimensionality of the scattering
operator, respectively.

III. NUMERICAL EXPERIMENTS

This section is devoted to numerical simulations. First, the
wavelet local image method is validated and tested for different
levels L. Second, we show that the method works well in
a simple case with a propagation over a PEC ground by
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TABLE I
COMPARISON OF THE TIME AND SPACE COMPLEXITY OF SSFW, SSW, AND WSSW FOR ALL THE IMPORTANT STEPS. THE FIRST FOUR CORRESPOND TO
THE TIME COMPLEXITY, WHILE THE LAST TWO ARE THE SPACE COMPLEXITY ASSOCIATED WITH SAVING THE FIELD AND THE SCATTERING OPERATOR.

Method SSfW SSW wSSW
Transform O(Nzlog(Nz)) O(Nx(Nz +Nim)) O(Nz)

init P O(LNsupp log(Nsupp)) O(LNsupp log(Nsupp)) O(LNz log(Nz))
Propa O(NxNwNVp ) O(NxN∗

wN∗
Vp

) O(NxN∗
wN∗

Vp
)

Ground - - O(NxNim)

u Nw Nz N∗
w

P O(LNVp ) O(LN l
tN

∗
Vp

) O(LNzN∗
Vp

)

comparing it to SSF. We also compare SSfW to SSW in terms
of computation time for different L. Third, we propose a more
realistic test case, where a dielectric ground, an atmospheric
duct, and relief are accounted for. Finally, we propose to use
the method for the refractivity from clutter (RFC) problem. In
addition, all the codes used for this part are available at the fol-
lowing link: https://gitlab.ensta-bretagne.fr/bonnafth/ssfw, and
SSfW computations are performed on CPU without paral-
lelization for a fair comparison. As stated in Section II-C3, the
wavelet local image method only works for the Haar family;
thus, it is the only one used. In addition, numerous studies on
the family have been performed in [14], [25] and have shown
that it has almost no impact on the accuracy.

A. Validation of the wavelet local image method

The main goal of this section is to validate the proposed
wavelet local image method and to compare its accuracy for
different levels L ∈ [1, 3].

To do so, we construct a field, which is a complex source
point (CSP) [26]. The latter is placed at xs = −50 m and
zs = 10 m and has a width of W0 = 5 m. The domain is of size
256 m in altitude with a step size of ∆z = 0.5 m. We consider
a PEC for the ground, and a image layer of size 0.25Nz . In
all cases, a compression of 10−5 is performed in the wavelet
domain. For the constructed CSP field, we compute its image
using the image theorem to compare to the field retrieved after
applying a SWT to the CSP field, the wavelet local image
method and an inverse SWT. We plot the obtained fields in
Fig. 2.

Furthermore, we compute the maximum of difference be-
tween the fields constructed using the wavelet local image
method and the true image field. We obtain −95 dB, −91.5 dB
and −81.5 dB for L = 1, L = 2 and L = 3, respectively. As
can be seen, this errors occurs near the edges and is believed
to be due to the compression and the fact that for a higher level
the span of the wavelets increase. Nonetheless, the proposed
method is validated and we thus encourage to keep L ≤ 2 to
avoid propagation of numerical artifacts over large domains.
Note that in [18], they gave the same guideline for the level.

B. Validation of the method

In this first test, we compute the propagation from an
antenna at f0 = 300 MHz. The latter is modeled as a
complex source point (CSP) [26] placed at xs = −50 m
and zs = 20 m with a width of W0 = 5 m. The considered
domain is [0, 10000]× [0, 512] m2. We set ∆x = 50λ = 50 m

Fig. 2. Reduced field u in dB with its image field computed either with
the image theorem (black plain line) or with the wavelet local image method
(dotted lines) for different levels.

and ∆z = λ/2 = 0.5 m for the discretizations. Finally, we
consider a PEC ground.

The propagation is computed with SSfW and SSW for
different levels, either L = 1 or L = 2, and the accuracy with
respect to SSF and the computation time of both methods are
compared. These results are reported in Table II. Furthermore,
for L = 2 we plot the field on the last iteration computed with
SSfW, SSW, and SSF in Fig. 3. The one obtained with the
latter method is in solid line, while the two others correspond
to the dashed stars and the dotted plus lines for SSfW and
SSW, respectively. The same legend is used for their respective
errors with SSF.

TABLE II
COMPARISON OF SSW AND SSFW REGARDING COMPUTATION TIME AND

ACCURACY.

SSW SSfW
maximum level (L) 1 2 1 2
Computation time (s) 0.27 0.62 0.26 0.54
Maximum error (dB) -52.15 -52.48 -69.07 -57.98

First, SSfW performs well in this case, yielding lower
errors than SSW when using the compression formula from
Section II. As expected, its computation time is comparable
to that of SSW for L = 1, and becomes lower as L increases.

In this case, the method is thus validated. However, we can
see that L = 1 yields a smaller error than L = 2 for SSfW
and similar accuracy to SSW, but with reduced computation
time. Indeed, from the previous section, the error for L = 2 is
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Fig. 3. Reduced field u in dB computed at the x = xmax with SSF, SSW,
and SSfW and the associated difference in dB between SSW and SSF, and
SSfW and SSF.

mainly due to the artifact near the edges, thus we recommend
to keep L = 1 in general, and do it from now. For L = 2,
in this case we obtain a lower error with SSfW but it is not
statistically significant and in different cases we could obtain
closer difference with SSF at the last iteration.

C. A realistic test case

Now, we consider a more realistic test case where terrain, a
dielectric ground, and refraction are considered. The source’s
parameters remain the same except for its altitude, which is
now zs = 70 m above the ground. The goal is to model
the propagation from Palaiseau (ENSTA) to Fontainebleau
(Castle), two French cities distant by 49.5 km, leading to
xmax = 49.5 km. Furthermore, we consider zmax = 512 m.
We consider the following discretization: ∆ = 100 λ = 100 m
and ∆z = λ/2 = 0.5 m. The terrain between the two cities is
accounted for using the data provided by IGN [27]. We also
consider a dielectric ground with εr = 20 and σ = 0.02 S/m.
Finally, a tropospheric duct modeled by a tri-linear refractive
index [28] is accounted for. For the latter, we use the following
parameters: M0 = 330 M-units, zb = 20 m, zt = 50 m, and
c0 = 0.118 M-units/m and c2 = −0.5 M-units/m.

In Fig. 4, we plot the reduced field in dB computed with
SSfW on the overall domain. Then, in Fig. 5, we propose, as
before, to show the fields computed at x = xmax with SSF,
SSfW, and SSW to compare them with SSF as the reference.
In this case, the computation time is 0.23 s for SSfW and
0.25 s for SSW. Furthermore, the maximum difference with
SSF at xmax is −52.01 dB for SSfW and −51.75 dB for
SSW. Here, we are in a scenario close to the test case of [18],
with Nx ∼ 500 and Nz = 1024, and we obtain a similar
computation time as expected from the complexity study. In
addition, in [18], they compared a matrix-based version of
SSW [14], and wSSW showed a similar speed-up as the one
of the local SSW [15], [29] that is used here, denoted as SSW,
which further highlights the results of the complexity study.
In addition, Zhou et al. [18] reported a high increase in error,
almost 10 dB when a tropospheric duct is considered, which
is not the case here.

Fig. 4. Reduced field u in dB computed with SSfW on the overall domain.

Fig. 5. Reduced field u in dB computed at the x = xmax with SSF, SSW,
and SSfW and the associated difference in dB between SSW and SSF, and
SSfW and SSF.

First, in Fig. 4, we can see the effects of the terrain with
the interference pattern and of the refraction with the bending
of the rays. In addition, we can see that the results with SSfW
are comparable to SSW in terms of accuracy, while being
slightly faster. Furthermore, contrary to [18], accounting for
the refraction does not add any error. In addition, relief and
ground conditions are directly accounted for in the wavelet
domain here. This shows that wavelet frames allow for an
easy and efficient implementation in a split-step method.
Furthermore, a GPU extension of SSfW is direct.

D. On the use of SSfW for the refractivity from clutter problem

Finally, since SSfW is fast, we use it in a simple case
of refractivity from clutter (RFC) problem, see [30]–[32] for
more details about RFC. The goal is to retrieve the refractive
index n from measured field data on a vertical at zmax. Here,
we show that on noisy artificial data, computed with SSF2, and
using blackbox optimization [33], [34], we can retrieve a good
approximation of n using SSfW. Indeed, the time efficiency

2Indeed, the artificial data are computed on a smaller grid and with another
numerical method to avoid the so-called ”inverse crime”.
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of the latter allows us to use it as a direct solver in blackbox
optimization, since in many EM practical problems we do not
have access to the gradient. Note that blackbox optimization
methods allow tuning fewer hyperparameters than genetic
algorithms, as used in [32], to converge.

The goal is to retrieve a tri-linear refractive profile n with
the parameters of the previous test. The measurements corre-
spond to artificial data computed with SSF on the vertical at
xmax with a fine grid over z (a step size of λ/4). Furthermore,
they are performed at two locations zs = 30 m and zs = 90 m.
Then, these measures are corrupted with a Gaussian noise
(with different levels). This leads to the following cost function
to minimize

J(n) = ∥uSSfW
zs=30 − umes

zs=30||2 + ∥uSSfW
zs=90 − umes

zs=90||2
+ α∥n∥2,

where umes
zs=· is the vector of noisy measures and uSSfW

zs=· the
field computed with SSfW for a refractive index n and an
transmitter location of zs, and the last term is a Tikhonov
regularization. Here, since this part is not the core of the
paper, we set α = 10−4. The following parameters are
used to initialize the refractive index n0: M0 = 320 M-
units, zb = 10 m, zt = 35 m, and c0 = 0.3 M-units/m
and c2 = −0.3 M-units/m. To conclude the scenario, the
other parameters remain the same as the first test, except that
zmax = 256 m. In Fig. 6, we plot the real M-index we want
to retrieve and the ones that have been computed from the
blackbox optimization inversion for different levels of noise.

Fig. 6. Retrieved M-index with the SSfW-based black box inversion for
different levels of noise: 0%, 5%, 10%, and 20%.

First, for all these tests, the inversion took at most 60 s,
showing the efficiency of the proposed approach3. This is
mostly because the proposed SSfW method is fast. Further-
more, we can see that the inversion is accurate even with noise.
Obviously, for βn = 0%, with βn the noise level, we retrieve
almost exactly M except for a slight difference in the boundary
area z ≤ zb. This difference is true for all levels of noise and
due to the fact that the transmitting antennas are all placed
such that zs ≥ zb. In addition, even for βn = 10%, the results

3It shall be noted that the blackbox optimization has been used as is without
parallelization and on a normal desktop computer.

are quite accurate, showing the robustness of the approach.
Nonetheless, for a higher noise level, only a part of the M-
index is well retrieved, and robust methods, e.g., based on
a Karhunen-Loeve decomposition, shall be considered in this
case. Furthermore, more transmitting antennas would result in
a higher accuracy, and since the loss function consists of a
sum of errors for all measurements, it could be parallelized
for efficiency.

This test underlines that SSfW can be used in a realistic
case, here the RFC problem, where an optimization step is
performed. This opens the way to its use in other similar
scenarios, e.g., antenna location and parameters optimization
for communication applications.

IV. CONCLUSION

In this article, we proposed a fully wavelet frames-based
split-step method to model the long-range propagation, while
accounting for the terrain, the ground composition, and the
refraction.

First, the SSfW method has been introduced. The latter is
based on the use of wavelet frames in place of a wavelet
basis to keep the translation invariance property, which seems
natural in our case. Indeed, this leads to more coefficients
to account for, but since high compression is possible in
the wavelet domain, we show that the complexity is not
increased compared to SSW. In addition, we provide a wavelet
local image method that allows for directly accounting for a
dielectric ground in the wavelet domain. Due to the translation
invariance property, the phase screen and the terrain operator
are seamlessly generalized in the wavelet-frame domain. Since
all the operators are performed in the wavelet domain, the
method can be efficiently implemented on GPU. Finally,
numerical tests in the VHF band have been proposed to first
validate the method; second, to show its advantages in a
realistic scenario; and third, to apply it in an RFC scenario
together with blackbox optimization using its time efficiency.

Nonetheless, this work opens up several interesting perspec-
tives. First, we are currently working on an efficient GPU
implementation of the method to decrease its computation time
further. Second, following the approach of SSW [16], we’re
exploring a generalization to the 3D case. A fully GPU-based
wavelet-frames split-step method could help address current
performance limitations. Finally, we are currently working on
using the method in realistic scenarios, such as a robust version
of the proposed method for the RFC problem, or using it to
optimize communication links in a maritime environment.

APPENDIX

A. On the wavelet local image method

The proof of the general formulas used in the pro-
posed wavelet local image method, see Section II-C3, de-
rives directly from calculating and comparing the wavelet
coefficients of ux = [0, u1, u2, · · · , uNz−1] and uim

x =
[ΓuNim−1, · · ·Γu1, 0, u1, u2, · · · , uNx−1], where uim

x is the
local image field. Indeed, the wavelet coefficients are obtained
by convolution with the following filters for the Haar system

hl = [1/2, 0, · · · , 0,−1/2], and gl = [1/2, 0, · · · , 0, 1/2].
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The number of coefficients we need to recalculate at each
level depends on the number of zeros in the filters, i.e., N0 =
2× (2L−l − 1). In addition, the sign difference ± between all
the levels and l = 0 comes from the fact that the wavelets are
anti-symmetric while the scaling function is symmetric.

As an example, we give here the formula for L ∈ [1, 2].
For all cases, the above-ground coefficients are unchanged
as stated in the wavelet local image method. Then, for a
maximum level L = 1, the general formula leads to

∀pz ∈ [0, Nim − 1], U im
x [L, pz] = −ΓUx[L,Nim − pz − 1],

∀pz ∈ [0, Nim − 1], U im
x [0, pz] = ΓUx[0, Nim − pz − 1].

If L = 2 then the rest of the coefficients are calculated as
follows by simplifying the general expressions. For l = L, we
get

∀pz ∈ [0, Nim − 1], U im
x [l, pz] = −ΓUx[l, Nim − pz − 1].

For l = 1, the image coefficients are

U im
x [l, pz] = −ΓUx[l, Nim − pz − 3], pz ∈ [0, Nim − 3],

U im
x [l, Nim − 2] = −Γ

∑1
i=0 Ux[L, i]

4
− (Γ− 1)

Ux[L, 0]

2
,

U im
x [l, Nim − 1] =

∑2
i=0 Ux[L, i]

4
− (Γ− 1)

Ux[L, 0]

2
.

For l = 0, we obtain

U im
x [l, pz] = ΓUx[l, Nim − pz − 3], pz ∈ [0, Nim − 3],

U im
x [l, Nim − 2] = −Γ

∑1
i=0 Ux[L, i]

4
− (Γ + 1)

Ux[L, 0]

2
,

U im
x [l, Nim − 1] = −

∑2
i=0 Ux[L, i]

4
− (Γ + 1)

Ux[L, 0]

2
.
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