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Abstract

The boundary element method (BEM) is stan-
dard for wave scattering, yet classical determin-
istic formulations neglect critical medium uncer-
tainties. While Monte Carlo methods can quan-
tify these effects, their slow statistical conver-
gence leads to prohibitive costs. We propose a
Stochastic BEM based on non-intrusive polyno-
mial chaos expansion (PCE), which transforms
the uncertainty quantification problem into in-
dependent deterministic BEM solves, enabling
rapid computation of statistical moments with
spectral convergence.

Keywords : Helmholtz equation, polyno-
mial chaos expansion, proper orthogonal decom-
position, electromagnetic scattering

1 Introduction

Electromagnetic scattering problems arise in an-
tenna design or radar cross-section prediction
where accurate field predictions are critical for
system performance. The BEM is the standard
numerical tool for exterior problems, as it dis-
cretizes only the scatterer’s surface and natu-
rally satisfies the Sommerfeld radiation condi-
tion at infinity.

However, deterministic models rely on ide-
alized assumptions that neglect real-world vari-
ability. While geometric uncertainties (shape
variations, surface roughness) have been exten-
sively studied [3]|, material uncertainties, arising
from manufacturing tolerances or environmen-
tal variations—pose distinct challenges, as they
directly modify the governing wave equation.
Variations in permittivity and permeability di-
rectly alter the effective wave number, shifting
resonance frequencies and scattering signatures.
Although Monte Carlo (MC) methods can quan-
tify these effects, its slow convergence rate
(O(N~1/2)) renders it unsuitable for high-fidelity
solvers.

To overcome this bottleneck, we employ Poly-
nomial Chaos Expansion (PCE). This method

approximates the random output as a series ex-
pansion in orthogonal stochastic polynomials,
achieving spectral convergence for smooth pa-
rameter dependencies. Its non-intrusive formu-
lation relies on regression and requires no mod-
ification of the deterministic BEM solver.

2 Problem Formulation

We consider the scattering of a time-harmonic
(e7“!) transverse magnetic (TM) plane wave by
a perfectly conducting (PEC) obstacle  C R?
embedded in a stochastic background medium.
Let (O, F,P) be a probability space. The back-
ground relative permittivity &,(f) and perme-
ability p,(0) are modeled as independent ran-
dom variables. Consequently, the total scalar
electric field u(r, §) satisfies :

Au(r,0) + E*(Q)u(r,0) =0 in R*\Q, (1)

where k(0) = ko+/er(0)p1r(6) is the random wave
number. The field corresponds u = 4™ + u¢

where u™(r,0) = Epe/* 997 with d the unit
propagation vector. The scattered field u¢ sat-
isfies the Sommerfeld radiation condition.

On the boundary I' = 012, the PEC condi-
tion u = 0 leads to the electric field integral
equation (EFIE). For a realization 6, the in-
duced surface current J satisfies:

qur / H

- _ 1ncr9

—sl)J(s,0)dI'(s)

Vrel,

(2)
where Ho(l)(z) denotes the zeroth-order Hankel
function of the first kind.

Applying the BEM with pulse basis func-
tions and point matching yields the linear sys-
tem Z(0)J(0) = V(6), where the impedance ma-
trix Z depends on the random parameter #. The
quantity of interest is the complex surface cur-
rent density J() € CV, essential for deriving
the RCS through near-to-far-field transforma-
tion.
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3 Stochastic Framework (PCE)

We place ourselves within the Hilbert space
L?(©,F,P) and define the vector of uncertain
inputs as X(0) = [¢-(6), u-(0)] T modeled as log-
normal variables.

After an isoprobabilistic transformation of
the log-normal inputs into a standard Gaussian
space, a Hermite polynomial chaos expansion is
used to represent the stochastic solution J €
L?(©). We approximate J by a truncated ex-
pansion of order p:

J(r,0) = Y Ja(r)Va(£(9)), (3)

acA,

where A, = {a € N? : |a| < p}. The family
{U4} forms an orthogonal basis of multivariate
polynomials |2|. To accommodate the complex-
valued nature of the surface current and mate-
rial parameters within the standard PCE frame-
work, the solution J is decomposed into real and
imaginary components, which are approximated
as independent real-valued fields over the same
polynomial basis.

Directly computing the expansion coefficients
for each degree of freedom of the BEM mesh is
computationally expensive. To remedy this, we
employ proper orthogonal decomposition
(POD) |1] to identify a reduced spatial basis
{¢rH< | that optimally captures the energy of
the system. The stochastic solution is then ap-
proximated as a linear combination of these few
deterministic modes:

K

J(r,0) = J(x) + > Be(0)dr(r),  (4)

k=1
where .J is the mean field and Sj(6) are the
stochastic reduced coordinates. Consequently,
the PCE regression is performed solely on the
K scalar coefficients S rather than the full dis-

cretized field, drastically reducing the computa-
tional burden while filtering spatial noise.

4 Numerical Results

The framework is validated on a PEC circu-
lar cylinder (R = 0.5m) illuminated at f =

300 MHz. The background parameters have mean

values p. = 2.5 and p,, = 1.

To assess the robustness of the method, we
test three distinct coefficients of variation C'V =
std e 5%,20%,80%}. The Monte Carlo ref-
erence is computed using 10° realizations. A key

challenge is the nonlinear dependence of stochas-
tic parameters in Hél)(k(G)r), which may affect
convergence at high coefficient of variation. The
error analysis for the complex surface current J
is summarized in Table [II

Moment L? Error (%) Max Abs. (%)

CV =5% (Speed-up x1833)
Mean 1.11 x 1076 2.64 x 1076
Variance 2.87 x 1076 1.67 x 1075

CV = 20% (Speed-up x457)
Mean 9.47 x 107° 2.32 x 1074
Variance 4.58 x 10~* 3.15 x 1073

CV = 80% (Speed-up x77)
Mean 3.49 x 1073 0.42 x 1073
Variance 8.66 x 102 1.03 x 107!

Table 1: Relative L? and maximum absolute
errors (in %) of the PCE statistical moments
compared to the Monte-Carlo reference.

The results show that the proposed PCE-POD
framework remains accurate despite the strong
kernel non-linearity. Although the regression er-
ror naturally scales with the input dispersion,
precision remains excellent: even at CV = 80%),
the variance error is negligible (< 0.01%). This
accuracy is obtained with speed-up factors rang-
ing from ~ 1833 to over 77 compared to the
Monte Carlo reference. Consequently, the method
offers a highly favorable cost-accuracy trade-off,
validating its robustness for stochastic scatter-
ing problems involving large parameter varia-
tions.
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